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Different kinds of control systems

Boundary control:  Locally distributed control:

u' = Au + Bu u' = Au + Bu + pl,,
u = plag u = glog
u(0) =0 u(0) =0
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Different kinds of control systems

The map @ :p+—uis

Boundary control:  Locally distributed control: Multiplicative control:

v = Au+ Bu u' = Au+ Bu + pl,, u = Au+ pBu

u = plog u = glog u = glog

u(0) =0 u(0) =0 u(0) = ug
linear linear nonlinear
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Bilinear control systems

Multiplicative control:

u' = Au+ pBu
u = glo (%)
u(0) = ug

Theorem (Ball, Marsden, Slemrod 1982)

Let X be a Banach space with dim(X )=+oco. Let A generate a C°-semigroup of bounded linear operators on X
and B : X — X be a bounded linear operator. Let ug € X be fixed, and let u(t; p,uo) denote the unique solution
of (%) forp € LL ([0,+00),R). The set of states accessible from wuq defined by

loc
S(uo) = {u(t;p,u0);t > 0,p € L,.([0,+00),R),r > 1}

is contained in a countable union of compact subsets of X and, in particular, has a dense complement.
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Controllability to a trajectory

(X, (-, -)) separable Hilbert space.
A : D(A) C X — X densely defined linear operator:
(a) A is self-adjoint ,
() 30>0: (Az,2) > —olzl]?, vz € D(A), (=)

c I\ > —o such that (A + A)~!: X — X is compact,
P
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(%)
u(0) = ug.
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Controllability to a trajectory

(X, (-, -)) separable Hilbert space.
A : D(A) C X — X densely defined linear operator:

(a) A is self-adjoint ,

() Fo>0: (Az,z) > —0olz||?,Vz € D(A),

(¢) 3IA> —o such that (\[ +A)~!: X — X is compact,
B : D(B) C X — X bounded linear operator.

Bilinear control problem:
W/ (1) + Au(t) + p(t)Bul(t) = 0,

u(0) = ug.

(=)

(%)

Trajectories: eigensolutions 1 = e_)‘jtcpj: solutions of (W) for p =0 and up = ¢;, where Ap; = Ajp;, for all

jeN*.
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Controllability to a trajectory

Definition

Let T > 0 and let A satisfy (®). The pair {A, B} is called j-null controllable in time T if there exists a constant
N(T) > 0 such that for every yo € X one can find a control p € L%(0,T) satisfying lIpll L2 0,7y < N(T)llyoll, and
for which y(T') = 0, where y(-) is the solution of

{ y'(t) + Ay(t) + p(t)Bp; =0, t€[0,T]
y(0) = yo.

N(T) > 0 is called the control cost.
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Controllability to a trajectory

Definition

Let T > 0 and let A satisfy (®). The pair {A, B} is called j-null controllable in time T if there exists a constant
N(T) > 0 such that for every yo € X one can find a control p € L%(0,T) satisfying lIpll L2 0,7y < N(T)llyoll, and
for which y(T') = 0, where y(-) is the solution of

{ y'(t) + Ay(t) + p(t)Bp; =0, t€[0,T]
y(0) = yo.

N(T) > 0 is called the control cost.

Theorem ( of Stabilization. Alabau-Boussouira, Cannarsa, U.)
Let {A, B} be a j-null controllable pair. Then, system () is superexponentially stabilizable to 1;, for any j € N*:

llu(t) — 5 (B)|< Me™<*" vt >0,
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Controllability to a trajectory

Definition

Let T > 0 and let A satisfy (®). The pair {A, B} is called j-null controllable in time T if there exists a constant
N(T) > 0 such that for every yo € X one can find a control p € L%(0,T) satisfying lIpll L2 0,7y < N(T)llyoll, and
for which y(T') = 0, where y(-) is the solution of

{ y'(t) + Ay(t) + p(t)Bp; =0, t€[0,T]
y(0) = yo.

N(T) > 0 is called the control cost.

Theorem ( of Stabilization. Alabau-Boussouira, Cannarsa, U.)
Let {A, B} be a j-null controllable pair. Then, system () is superexponentially stabilizable to 1;, for any j € N*:

u(t) = (B)I< Me=*="" vt >0,

Theorem ( of Controllability. Alabau-Boussouira, Cannarsa, U.)

Let {A, B} be a j-null controllable pair and N(T) < e©/T for T small. Then, for any T > 0, system (¥) is exactly

controllable to vj, for any j € N*:
u(T) = o5 (T).
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Sufficient conditions for j-null controllability

Theorem (Alabau-Boussouira, Cannarsa, U.)

Let A: D(A) C X — X satisfy (®) and such that 3« > 0 for which its eigenvalues fulfill the gap condition

A Ak+1 — A1 — VAr — A1 >, VEkEN*. ()

Let B : X — X be a bounded linear operator such that

i) (Bgj,pr) £0, VkeN*,
e—2AkT

i) 3I7>0: < +oo.
k;* |<B‘/’J:<Plc |

Then, the pair {A, B} is j-null controllable.
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Sufficient conditions for j-null controllability

Theorem (Alabau-Boussouira, Cannarsa, U.)

Let A: D(A) C X — X satisfy (®) and such that 3« > 0 for which its eigenvalues fulfill the gap condition

A Ak+1 — A1 — VAr — A1 >, VEkEN*. ()

Let B : X — X be a bounded linear operator such that

i) (Bgj,pr) £0, VkeN*,
e—2AkT

i) 3I7>0: < +oo.
k%* |<B(p]7(pk |

Then, the pair {A, B} is j-null controllable.

Theorem (Alabau-Boussouira, Cannarsa, U.)

Let A: D(A) C X — X satisfy (%) and (¥). Let B: X — X be a bounded linear operator such that there exist
b,q > 0 for which

(Bpj,pj) #0 and Agd|(Byj, k)| > b, Vk#j.
Then, the pair {A, B} is j-null controllable in any time T > 0 with control cost N(T) that satisfies N(T) < eC/T,
for T' small.
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Motivation

Theorem (Alabau-Boussouira, Cannarsa, U.)

Let A: D(A) C X — X satisfy (®) and such that 3« > 0 for which its eigenvalues fulfill the gap condition

AV Ak+1 — A1 — VA — A1 >, VkEN ()
Let B : X — X be a bounded linear operator such that
[0 Bes o0 70, VEerN

i) 3T>0: < +oo.
kg (Bpj, )2 Bsompk 2

Then, the pair {A, B} is j-null controllable.

Theorem (Alabau-Boussouira, Cannarsa, U.)

Let A: D(A) C X — X satisfy (®) and (¥). Let B: X — X be a bounded linear operator such that there exist
b,q > 0 for which

|(Bpj, i) #0 and \c?|(Bpj,pr)| 2 b, Vk#j. |

Then, the pair {A, B} is j-null controllable in any time T > 0 with control cost N(T) that satisfies N(T) < eC/T,
for T' small.
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Motivation

Available online at www.sciencedirect.com

J. Math. Pures Appl. 94 (2010) 520-554

Local controllability of 1D linear and nonlinear
Schrodinger equations with bilinear control

Karine Beauchard ®*', Camille Laurent”

Theorem 1. Let T > O and 1 € H3((0. 1), R) be such that
e >0 such that % < [upr.e)|. VkeN*

There exists § > 0 and a C' map

r:Vr— L*(0.7),R),
where

Vi = {y; e SNH ((0.1).C);

V=) | s <8}
such that, I' (Y| (T')) = 0 and for every Vry € Vr, the solution of (1) with initial condition

YV (0) =g
and control u = I" (Y r) satisfies ¥ (T) =Y z.
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Theorem 1. Let T > O and 11 € H3((0. 1), R) be such that
e >0 such that % < [upr.e)|. VkeN*

There exists § > 0 and a C' map
I:Vr— L*((0,7),R),

where

V=) | s <8}

Vi = {y; e SNH ((0.1).C);
such that, I' (Y| (T')) = 0 and for every Vry € Vr, the solution of (1) with initial condition
VO =g
and control u = I" (Y r) satisfies ¥ (T) =Y z.
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Motivation

Contents lists available at ScienceDirect

Journal of Differential Equations DL

SEVIER www.elsevier.com/locate/jde

Local controllability and non-controllability for a 1D wave
equation with bilinear control
Karine Beauchard!

Theorem 1. Let i € H>(0, 1). We assume

C

dc >0 such that iz

< ‘(Hy(ﬂk) , VkeN. (5)

(1) Let T > 2. There exist § > 0 and a C'-map
Ir:Vr — 1%0.7)

(wWp, wp) = IT(wyp, Wy)
where

Vi i={(wpop) € Higy x Hig (0.1 llwy Tl + IWvyllgs < 6]
such that I'r(1,0) = 0 and for every (w s, W) € Vr, the solution of (1) with initial condition
Iw
(W,T)(O,x):(l.[)). Vxe (0,1), (6)
g

and control u = I't (w s, Wy) satisfies (w, ‘%“)(T) =(wg, Wy).
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Constructive algorithm for building mixing coupling potentials

Common hypothesis on the potential p:

(w1, o6) #0, Vk>1  (NVFC)
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Constructive algorithm for building mixing coupling potentials

Common hypothesis on the potential p:
(w1, o6) #0, Vk>1  (NVFC)
REMARKS:

e (NVFC) holds generically, but few examples of p available,
e examples of 4 that fullfil (NVFC) based on explicit knowledge of {A;}x>1 and {@g}i>1.
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Constructive algorithm for building mixing coupling potentials

Common hypothesis on the potential p:
(w1, o6) #0, Vk>1  (NVFC)
REMARKS:

e (NVFC) holds generically, but few examples of p available,
e examples of 4 that fullfil (NVFC) based on explicit knowledge of {A;}x>1 and {@g}i>1.

GOAL: define an algorithm for building p that satisfies (NVFC)
= provide more examples of potentials x with (NVFC) property,

—> extend existing controllability results to other boundary conditions
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Constructive algorithm for building mixing coupling potentials

Consider the 1D Laplacian operator (with some boundary conditions) and let (¢, A;) be the
eigenfunctions and eigenvalues.

Theorem

For any function u € H*(0,1) and for any k > 2 the following relation holds

(g — A2 / (@)1 (2)pn (@) = / T (1)(@)o1 )k (@)de + B (k).

where Ty, : H*(0,1) — L2(0,1) are the linear operators defined by

Tk(ﬂ):_{wuaku”], Vue H40,1), YkeN*,

where oy, == 2(A\1 + \i), and Bg x, : H*(0,1) — R are boundary linear operators.

i
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Constructive algorithm for building mixing coupling potentials

Theorem
For any function € H**(0,1), for any n € N* and any k > 2, we have the following inductive
formulas:
2 ! ! = 2 1
=2 [ a@)er(@eno)dn = [ TE @@ @ereids+ (=2 [BoulT ()],
0 0 p=0
where T (p) = (T, 0 - o Ty,)(u) and T (p) = Id,
—_———
P
TE(p) = (-1)P > Clafu™2D, Vpe N,

1=0

where the notation CII, stands for the binomial coefficient Cll, = (1;) = l!(zfil)!’ for all 0 <1 < p.
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Constructive algorithm for building mixing coupling potentials

Ry (a) := i (—l)jajCJT-fj, VaeR.
i=[51

[Np]
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Constructive algorithm for building mixing coupling potentials

T

Corollary

Let p € Py(R) and n be such that 2n > q. Then, for any k > 2

L n—1 _y,)2(n—1) @ 2
Ou =2 [ e @on(alde = gBaw@”)(Ak o ((xk =) )

‘e
Qp

Qg
Ak — A1

2
Moreover, < > >4, Vk=2.
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Constructive algorithm for building mixing coupling potentials

S (-1aCT, YaeR
=51

Ry (a):

Corollary

Let p € Py(R) and n be such that 2n > q. Then, for any k > 2

1 n—1 . 2(n—1) @ 2
0w =2 [ aer@pn(alds = 3 Bou(u®) 2220 R(( ))
r=0

ap Ak — A1

2
(673
> 2.
Moreover, <)\k_/\1> >4, Vk=>2

Lemma

Rom () > 0, Rom+1(a) <0, Va>4,Vm > 0.
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A constructive algorithm: Dirichlet-Robin boundary conditions

_@g(x) = )‘k@k(xL T e (07 1)>

@e(0) =0, ¢r(1)+¢i(1) =0.
Eigenvalues and eigenfunctions are given by
Ao = T, wr(x) = ne sin(rrz),
where rj, are the positive solutions of
sinrg + rpcosry = 0,

and 7, > 0 are normalization constants.

i
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A constructive algorithm: Dirichlet-Robin boundary conditions

@k (@) = Arepr(2), z €(0,1),
er(0) =0, @k(1) + (1) =0
Eigenvalues and eigenfunctions are given by
e = T2, wr(x) = ne sin(rrz),
where rj, are the positive solutions of
sinrg + rpcosry = 0,
and 7, > 0 are normalization constants.

Proposition

For any u € H*"(0,1), for any n € N*, and any k > 2, we have
2 1 = 1 1 L 4 21
O — A1)2" / (@)1 (@)pr(@)dz = (—1)* 3 Chal, / =2 (2) 01 (2)iop (2)d + k17 D (1),
0 = 0

where Dy, ,,(+) is a boundary linear operator defined on H4"(0,1).
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A constructive algorithm: Dirichlet-Robin boundary conditions

We introduce

ar = pCr+3 1) +2u 22D (1), r=0,1,...,1—1
by := p2r (1), r=0,1,...,0—1(r=0,1,...,Lif g is odd), (1)

¢ = 2u2 (), r=0,1,...,0—1(r=0,1,...,1if q is odd).
REMARK: V ((ar), (b)), 31 € P (R) s.t. (1) holds:

1
pE(1) = 2 (apo1—by), Vre{l. 11},

p@rt (1) = by, Vre{o,...,1—1}.

Viceversa, Yu € Py (R), (1) (1))1<r<q uniquely determine ((ar), (by)).
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A constructive algorithm: Dirichlet-Robin boundary conditions

We introduce
ar = pCr+3 ) +2u 272D (1), r=0,1,...,01—1
by = prt (1), r=0,1,...,0—1(r=0,1,...,1if ¢ is odd), (1)
¢ = 2u2 (), r=0,1,...,1 =1 (r=0,1,...,1if q is odd).

REMARK: ¥ ((ar), (b)), 3! € P} (R) s.t. (1) holds:

1
pE(1) = 2 (apo1—by), Vre{l. 11},

p@rt (1) = by, Vre{o,...,1—1}.

Viceversa, Yu € Py (R), (1) (1))1<r<q uniquely determine ((ar), (by)).
REMARK: the potential y is completely determined by the knowledge of p(¥)(1) for all k € {0, ..., ¢}, thanks to
the (finite) Taylor expansion of p at 1:

2. 1) (1)

M(ﬂﬁ):K‘*‘ZMT

k=1

(@ =1 = K + fi(x).
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A constructive algorithm: Dirichlet-Robin boundary conditions
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Corollary

For any p € P4(R), choosing n such that 2n > q, it holds that for all i > 1

=1l
1 ()\27; —)\1)2("_1)
Ain:szin: r(A2i) + cr —R, i)
: 2i, ;:0{ )\1+1g(2) C} o, (72:)

n—1

(A2ig1 — A1) D

1
Bin:=Doit1n = Z {\/ﬁgr()\mq-l) = Cr} o
7

r=0

Ry (12i41) »

where 1
gr(z) := 7T (ar + (x + A1 +2)b), Ve (A1,+00).

(o1, o) 20, YEk>2 <= Dpn#0, Yk>2 <= Ain,Bin#0, Vi>1
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Algorithm Alabau-Boussouira, U.
I L
by > My by < —My*
Myt < ar < Mt Myt < ar < Myt
1 ]
w | >
r b >0 ?@ Zg 0
Mib, < a; < Mzb > Y
—‘@— P
INPUT br <0 a1| U
L__IMab, < ar < M1h, b1 | T
K1, J1, Q1
M1, q
a |O
b |U
T
P
a (U
by T
K1 = Ki(A1 A2, As), [ 1
Ji= 1A Xs), by > Myt by < —Mg*
Q1 = Q1(A1, M), Mt < ar < Mt M < ar < My
w1 = pa(). 1 1

— TV
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Algorithm Alabau-Boussouira, U.

® output of the algorithm: ((a;), (b)), 0 <r <1 —1 for g even (0 < r < for ¢ odd),
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Algorithm Alabau-Boussouira, U.

® output of the algorithm: ((a;), (b)), 0 <r <1 —1 for g even (0 < r < for ¢ odd),
e determine p(®)(1), k =1,...,q and hence define ji € P;(R) by the finite Taylor expansion
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Algorithm Alabau-Boussouira, U.

® output of the algorithm: ((a;), (b)), 0 <r <1 —1 for g even (0 < r < for ¢ odd),
e determine p(®)(1), k =1,...,q and hence define ji € P;(R) by the finite Taylor expansion

® compute the zero order term of the polynomial i € P4 (R) by choosing

© — 1~m 2(z)da.
O (1) £ /0“( )2 ()
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Algorithm Alabau-Boussouira, U.

® output of the algorithm: ((a;), (b)), 0 <r <1 —1 for g even (0 < r < for ¢ odd),
e determine p(®)(1), k =1,...,q and hence define ji € P;(R) by the finite Taylor expansion

® compute the zero order term of the polynomial i € P4 (R) by choosing

1
WO (1) # - / i(2)3 () de.
Our final polynomial u € P,(R) that satisfies (NVFC) is

a0
o) = WO + o) = 3 P 1

i
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Outline

4. Application
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Application: Schrodinger equation, mixed boundary conditions

Consider the Schrddinger equation
i0vu(t,z) = _8§u(t7 z) — p(t)pu(z)ult,z), (t,z) € (0,T) x (0,1)
u(t,0) =0, u(t,1) + dzu(t,1) =0,

which describes the motion of a quantum particle in a box (perfectly reflecting wall at z =0 and a
nonstandard wall at = 1) subject to an electric field, whose magnitude in given by the control p(-).

i
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Application: Schrodinger equation, mixed boundary conditions

Consider the Schrddinger equation
it z) = —0%ult,x) — pBp()u(t,z),  (ta) € (0,7) x (0,1)
u(t,0) =0, u(t,1) + dzu(t,1) =0,

which describes the motion of a quantum particle in a box (perfectly reflecting wall at z =0 and a
nonstandard wall at = 1) subject to an electric field, whose magnitude in given by the control p(-).

Robin boundary condition: ¢(1) + L¢’(1) = 0, L measures the time delay in scattering (difference
between moment of incidence and reflection).

@ Fulép, T., Cheon, T., Tsutsui, I.. Classical aspects of quantum walls in one dimension. Physical
Review A, 66(5), 052102. (2002)

@ Belchev, B., Walton, M. A.. On Robin boundary conditions and the Morse potential in quantum
mechanics. Journal of Physics A: Mathematical and Theoretical, 43(8), 085301. (2010)

@ Allwright, G., Jacobs, D. M.. Robin boundary conditions are generic in quantum mechanics. arXiv
preprint arXiv:1610.09581 (2016)
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Application: Schrodinger equation, mixed boundary conditions

Theorem

Let T > 0 and p € H?(0,1;R) be such that 3C > 0 such that |{up1, or)| > %7 VEk e N*.

Then, there exists § > 0 and a C'-map
[':Rr — L*0,7T)

where
Re i= {ug € SN H)(0,15C) : llug — (D)l 2 < 8},

such that T'(11(T')) = 0 and for any 1y € Ry, the solution of the Schrédinger equation with
Dirichlet-Robin boundary conditions, initial condition v, and control p = T'(1y) satisfies

i
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Application: Schrodinger equation, mixed boundary conditions

Theorem

Let T > 0, p € Py(R) from Algorithm AU | 3C > 0 such that |{up1, pi)| > %, Vk e N*.

Then, there exists § > 0 and a C*-map
I':Rr — L*0,7T)

where
o {uf € SN HEy(0,15C) : [Jug — ¢1(T)ll g < 5},

such that T'(1(T)) = 0 and for any ¢ € Rr, the solution of the Schrédinger equation with
Dirichlet-Robin boundary conditions, initial condition ¢ and control p = T'(1)s) satisfies

u(T) =1py.
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Application: Schrodinger equation, mixed boundary conditions

Theorem

Let T > 0, u € Py(R) from Algorithm AU.

Then, there exists § > 0 and a C'-map
[':Rr — L*0,7T)

where
Re i= {ug € SN H)(0,15C) : llug — (D)l 2 < 8},

such that T'(11(T")) = 0 and for any 1y € Ry, the solution of the Schrédinger equation with
Dirichlet-Robin boundary conditions, initial condition v, and control p = T'(1)y) satisfies
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Outline

5. Exaples
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Examples of admissible potentials for D.R. boundary conditions

The following polynomials have been computed through A.U. algorithm:
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Examples of admissible potentials for D.R. boundary conditions

The following polynomials have been computed through A.U. algorithm:
o pu(@)=1+16(x—1)+12x—-1)2 -4z -1 =2z - 1) + Lz - 1)°
® u(x)=1+52(x—1)+41(z —1)* = 16(x — 1)® —

o pu(z) = 5+240(x—1)+74(z—1)2=36(z—1)*— L (z—1)*+ & (2—1)°+ L (z—1)5— A (2—1)7

THANK YOU! GRACIAS! MERCI! GRAZIE!
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