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Control finite elasticity
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Finite Strain Elasticity

Large strain kinematics: F,H,J

A

e
S

X1, 71 X, 29

[F:Voq,’); J = detF; H=JF*T]
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Control finite elasticity
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Finite Strain Elasticity

Finite Strain Elasticity: the BVP

- Tensor cross product [de Boer, 1982; Bonet, Gil and Ortigosa, 2015]:

(AXB); = Ep&jmAimBn

- The area and volume maps are redefined as:

1 1
H= FXF;, J=_(FXF):F

€
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Finite Strain Elasticity

Finite Strain Elasticity: the BVP

- Tensor cross product [de Boer, 1982; Bonet, Gil and Ortigosa, 2015]:

(AXB); = Ep&jmAimBn

- The area and volume maps are redefined as:

1 1
H= FXF;, J=_(FXF):F

- Strong form (PDE) in the Lagrangian formalism

V[)XF:O; inQo :>F:V0¢
V0~P(F)+b0=0; in Qo P=o0cH N
- o
d=¢"; ondQp

PN = ty; on 9Q n
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Finite Strain Elasticity

Finite Strain Elasticity: the BVP

- Tensor cross product [de Boer, 1982; Bonet, Gil and Ortigosa, 2015]:

(AXB); = Ep&jmAimBn

- The area and volume maps are redefined as:

1 1
H= FXF;, J=_(FXF):F

- Strong form (PDE) in the Lagrangian formalism

Vo x F =0; in Qo = F=Vo €3
V0~P(F)+b0=0; in Qo P=o0cH N
CH 6[%0
=" on oy

e
PN = ty; on BQO,N !
€

- Constitutive relation through nonlinear stored energy functional e(F):

- How to define ¢(F) being mathematically and physically admissible?
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Finite Strain Elasticity

Finite Strain Elasticity: polyconvexity

- Polyconvexity conditon [Ball, 1976; Schroder and Neff, 2004...]

- The internal strain energy functional e is expressed as a CONVEX multi-variable functional W in
terms of fibre, area and volume maps:

[E(F):W(V); V:{F,H(F)J(F)}]

[W(Avl + (I =X)V2) AW (V) + (1 =AW (V2) Ae[0,1],YV,V, evJ

- Polyconvex constitutive models:

NH W(F,J):%||F||z+f(l); f(J):—;Lan—&-%(J—l)z

MR W (K, 7,7) = 2IIFIP + 2 1A 48 ) §0) = —(a+28) s+ 2 7 - 17

m

o F||* -3
Gent W (F,J) = —#Tln (1 - %) +f();

Seminar: Control in Times of Crisis
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Finite Strain Elasticity

Finite Strain Elasticity: the weak form

- The PDE and boundary conditions
Vo XxF=0inQ = F =V¢
Vo P+ by=0inQ; P=ocH

b= ondp
PN =T on 9Qy n
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Finite Strain Elasticity

Finite Strain Elasticity: the weak

- The PDE and boundary conditions
Vo XxF=0inQ = F =V¢
Vo -P+by=0inQ; P=ocH

b= ondp
PN =T on 9Qy n

- For ¢ € H'(Q), multiplication by test function §¢ € Hy () leads to the weak form

W() = /Q P(F) : VoSpdV — </ﬂ fo-Spav+ fo - 5¢>dA) =0
0 0

QN

Elastic work External work
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Finite Strain Elasticity

Finite Strain Elasticity: the weak form

- The PDE and boundary conditions r = “
Vo XxF=0inQ = F =V¢ ’/-\/Ay
Vo - P+by=0inQp; P=ocH P
_ b
@ = ¢ on 0Q,p

PN =T on 9Qy n

Xy, 71 Xo, @
- For ¢ € H'(Q), multiplication by test function §¢ € Hy () leads to the weak form

W() = /Q P(F) : VoSpdV — </ﬂ fo-Spav+ fo - 5¢>dA) =0
0 0

QN

Elastic work External work

- Stationary condition of energy functional:

T(¢) = inf /QOW(F,H,J)dV—</QUf0-¢dV+ to-¢>dA>

QN

Elastic energy external energy

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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Finite Strain Elasticity

Finite Strain Elasticity: existence of minimisers

- Energy functional to be minimised:

II(¢) :igf /QOW(F,H,J)dV— </Qofg-¢dv+/anmvto-¢dA)

Elastic energy external energy

[1] Polyconvexity: for V = {A,B,c}, A, B € R**3, ¢ € RT

WAV + (1 —A) V) SAWWV) + (1 =AWV Ae0,1],¥V, V2 €V

[2] Coerciveness: for p > 2, ,l) —+ ; <lLr>1

WOV > a([IFIF +[|H|"+J) +8  a>0
[3] Limit behaviour:

lim W (F,H,J) = +oc0
J—0t

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The optimal control problem

Biomimetic actuation

- Biomimetic-type actuation
Wriger (F, m) = W(F) + W (F, m)
m
Win(F, m) = — ||Fal |

a:aX): Q - R
m:m(X): Q — R
P(F,m) = OpW(F) —mFa ® a

- For Mooney-Rivlin model, polyconvexity
and coerciveness guaranteed if:

o B
W(F,H,J) = Z|IFI + SIHI" + ¢ ()

sup m(X) < «
XeQ

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The optimal control problem

Biomimetic actuation

- Biomimetic-type actuation
Wriger (F, m) = W(F) + W (F, m)
m
Win(F, m) = — ||Fal |

a:aX): Q - R
m:m(X): Q — R
P(F,m) = OpW(F) —mFa ® a

- For Mooney-Rivlin model, polyconvexity
and coerciveness guaranteed if:

o B
W(F,H,J) = Z|IFI + SIHI" + ¢ ()

sup m(X) < «
XeQ

- Stationary condition of energy functional:
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The optimal control problem

Biomimetic actuation

- Biomimetic-type actuation
Wriger (F, m) = W(F) + W (F, m)
m
Win(F, m) = — ||Fal |

a:aX): Q - R
m:m(X): Q — R
P(F,m) = OpW(F) —mFa ® a

- For Mooney-Rivlin model, polyconvexity
and coerciveness guaranteed if:

o B
W(F,H,J) = Z|IFI + SIHI" + ¢ ()

sup m(X) < «
XeQ

- Stationary condition of energy functional:

TI(¢p, m) = inf / Wiger (F, H, J,myav — ([ fo-dpav+ [ 1 paa
¢ Q Q ele g

Elastic energy external energy
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The optimal control problem

The optimal control problem |

- The Optimal Control problem 0 S UX oy
Minimize inm : 7 (m) )‘.'l““ b 2 ‘/..;.%Q\
subject to m € L*(Q) E“' ‘W‘J"‘

m(X) < Cae X € SJ.-“S ‘....{
¢ is a minimizer of II(¢, m) 8 u.
> -
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The optimal control problem

The optimal control problem |

- The Optimal Control problem 0 e BX I ey
Minimize inm : 7 (m) ;“‘E‘ﬁ TN /..;,.%Q\
subject to m e L*() éi‘ i» "“" J"‘

m(X) < Cae. X € Q s_“‘& '....{
¢ is a minimizer of I1(¢, m) © ]
)

A Hausdorff distance-based objective function
J(m) = pu (2(m), Q)

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The optimal control problem

The optimal control problem |

- The Optimal Control problem =X, (m(r))]

X 1"’;':;%
A
NI

Minimize inm : 7 (m)
subject to m € L*(Q)
m(X) < Cae. X €
¢ is a minimizer of II(¢, m)

A Hausdorff distance-based objective function
J(m) = pu (2(m), Q)

pu (2(m), Qy) := max { sup dogm (x), sup do, (x)}
x€Qy x€Q(m)

da () = inf [y —x]

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The optimal control problem

The optimal control problem |

- The Optimal Control problem 0 X ey
Minimize in m : 7 (m) )‘?‘ /N/..;.%,‘\
subject to m e L*() * 19 "‘

LN
1,

I}
Tl
m(X) < Cae X €Q 2‘%
¢ is a minimizer of II(¢, m) o
Ny

P

A Hausdorff distance-based objective function
J(m) = pu (2(m), Q)

pu (2(m), Qy) := max { sup do(m (x), sup dg, (x)}
xeQy x€Q(m)

do (x) = inf [ly |

Regularised Hausdorff functional

[ T (m) = pu (Q2(m), Q) ]

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The optimal control problem

The optimal control problem Il

- The Optimal Control problem 0 P R
Minimize inm : 7 (m) ;‘“.== o /..;’.%q\
subject to m € L*(Q) é" Ul N7 "

m(X) < Cae X €
¢ is a minimizer of II(¢, m)

L (am) = ($,m) = /Q P(Vop,m) : VipdX
0

T (&) = pu (#(0), ) + % /

w2 (X) dx+f/ |Vom (X) [2dX
Qp 2 Ja,

oL — _ _ ol — _ = — . _ 1
5 @PM) = ZEm0) —/QOP(VO*EM)-VonX—O W € HL(9)

oL — Opu — _
Z@pme) = LL@) )~ | Vb C(Ve®B,m): VordX =0 Vv € H) ()
oP oP Q

Ciy = (viFw(F,H(F),J(F)))W — Symaa,

or _
= @.pm) =/ i (Fa @ a) : Vop) + Mt + € Voii - Vo] dX
m QO
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Numerical examples

Numerical example |

R. Ortigosa, J. Martinez-Frutos, C. Mora-Corral, P. Pedregal and F. Periago. Optimal control of soft materials using a Hausdorff distance
functional, SICON, accepted.

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromech:
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Numerical examples

Numerical example I

R. Ortigosa, J. Martinez-Frutos, C. Mora-Corral, P. Pedregal and F. Periago. Optimal control of soft materials using a Hausdorff distance
functional, SICON, accepted.
Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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@ Introduction
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Design in Electro-Mechanics
.
Introduction

Finite Strain Electromechanics: motivation

Stretchable Dielectric
electrode Elastomer
[
S
Stretchable Electrostatic forces S
electrode
Physical principle: Coulomb forces

1/

In-house simulation

[2016 - ongoing]
Tunable EAP materials

Giant lectrically induced def tions in EAP bi L I ETEE
electrically induced deformations in membrane 3 i
[Suo 2013 (Harvard Lab), Max Plank Press 2016] Space/SUbaquatlc exploratlons

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics)

Seminar: Control in Times of Crisis
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Background

Finite Strain Electromechanics: the BVP

- Material strong form of electrostatics (¢) in terms of Ey, Dy:

Vo x Eg=0inQ = Ey=—-Vo =FE

Vo Dy — po = 0 in Qo; Dy=H'D “ .
Y =@ on aQO,De a-oo,nn v
Dy - N = —wp on Qo ne “
e

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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Background

Finite Strain Electromechanics: the BVP

- Material strong form of electrostatics (¢) in terms of Ey, Dy:

Vo x Eg=0inQ = Ey=—-Vo =FE
003,
Vo Dy — po = 0 in Q; Dy=H'D e 0.
p =@ on 0Q p. N

Do -N = —Wwqy on 890,Ne e

- Material strong form for the mechanics () in terms of P, F:

Vo X F=0in = F=V,¢
Vo -P+by=0inQ; P=oH
¢:$0"390,Dm
PN =T on Q0 nm

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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Background

Finite Strain Electromechanics: the BVP

Vo x Eg=0inQ = Ey=—-Vo =FE
Vo Dy — po = 0 in Q; Dy=H'D
p =@ on 0Q p.
Do -N = —Wwqy on 890,Ne

Vo X F=0in = F=V,¢
Vo -P+by=0inQ; P=ocH
¢:$0"390,Dm
PN =T on Q0 nm

- With a coupling constitutive law [0gden & Dorfmann, Bustamante, McMeeking & Landis, Suo & Zhao]

[ e(F,Dg) = e, (F) + ¢, (F,Dy) ]

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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Background

Finite Strain Electromechanics: the BVP

Vo x Eg=0inQ = Ey=—-Vo =FE
Vo Dy — po = 0 in Q; Dy=H'D
p =@ on 0Q p.
Do -N = —Wwqy on 890,Ne

Vo X F=0in = F=V,¢
Vo -P+by=0inQ; P=ocH
4’:80"390,%
PN =T on Q0 nm

- With a coupling constitutive law [0gden & Dorfmann, Bustamante, McMeeking & Landis, Suo & Zhao]

[ e(F,Dg) = e, (F) + ¢, (F,Dy) ]

- Constitutive relations:

_ 8€(F,D0) Eo — 8E(F,D())
T oF *~ "o,

P

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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Background

Finite Strain Electromechanics: polyconvexity

- Classical approach [Ogden & Dorfmann, Bustamante, McMeeking & Landis, Suo & Zhao, Vu & Steinman]
e(F,Dg) = ey (F) 4 e, (F,Dy)

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) inar: in Times of Crisis
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Background

Finite Strain Electromechanics: polyconvexity

- Classical approach [Ogden & Dorfmann, Bustamante, McMeeking & Landis, Suo & Zhao, Vu & Steinman]
e(F,Dg) = ey (F) 4 e, (F,Dy)

- For polyconvex reversible electromechanics:

[e(F,Dg):W(V); V = {F,H,J,Dy,d}; d:FDo]

[ WAV + (1 =N)V2) < AWV + (1 =AW ((V2) XAe0,1],YV, V2, €V ]

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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Background

Finite Strain Electromechanics: polyconvexity

- Classical approach [Ogden & Dorfmann, Bustamante, McMeeking & Landis, Suo & Zhao, Vu & Steinman]
e(F,Dg) = ey (F) 4 e, (F,Dy)

- For polyconvex reversible electromechanics:

[e(F,Dg):W(V); V = {F,H,J,Dy,d}; d:FDo]

[ WAV + (1 =N)V2) < AWV + (1 =AW ((V2) XAe0,1],YV, V2, €V ]

- A possible polyconvex electrically enhanced model is:

1 1
W (F,H,1, Dy, d) = lIFIP 4 a1 +70) + 5= IDl” + 5

Mooney-Rivlin model —
Electro-mechanical term

- Constitutive relations:
_ Oe(F,Dy) oW oW oW oW

P P=2" 1 xr+ g+ gp
oF or T om Tt ottt g ®
de (F,Dy) oW W
By = Eo= — +F 2=
aD, aD, ad

A. J. Gil and R. Ortigosa. A new framework for large strain electromechanics based on convex multi-variable strain energies: Variational
formulation and material characterisation, CMAME 302 (2016) 293-328.
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Background

Topology optimisation of Electro Active material

Ly

Lx

/X I Host Layer

- Active Layer

R. Ortigosa, J. Martinez-Frutos, D. Ruiz, A. Donoso and J. C. Bellido. Density-based Topology Optimisation considering nonlinear
electromechanics, SMO in print.

Rogelio Ortigosa (Optimal control in finite in elasticity and optimal design in electromec|



The Design problem

Design in Electro-Mechanics
©00000000

Fabrication principle and the engineering objective |

- Layer-by-layer design layout: engineering principles

4
Negative electrode(s) /BO

Elastomer layers

Positive electrode(s) 4 3
8= (s |ullU¢e
i=1

| By is comprised of the union of N_
elastomeric layers,
(BY, ..., B}

II' Electrodes intercalated between
adjacent elastomer layers.

IIl Negligible thickness of electrodes,
placed at surface regions
{&', ..My,

£ = B, nBH,
i={1,...,N.—1}.
IV Electrode regions subjected to

same voltage value, either
positive or negative.

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

Fabrication principle and the engineering objective I

- Layer-by-layer design layout: the objective

i o maximise uz in points {A, B, C, D}
Electrode design Objective:

minimise uz in points {E, F, G, H}

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

The design problem: computational considerations |

- Layer-by-layer design layout: computational considerations

AX) = | e—

Elastomer

X(X) =1 Negative electrode

X(X) =1 Positive electrode
Layer #1 -
Layer #2
- Characteristic function approach: Layer #3 -
;[ xei() =1 ifﬁGSi ; Layer #4
vses,{g() _ fee’
xei(€) =0; i€ €E\ Epee.  2ver#s -

Optimal electrode Layout

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

Regularisation of the problem Il

| Smooth representation of electrodes within £’ via an in-surface phase-field function Vei-

Vel =Ly € 5 01],  wa e H'E}; i= {1l N,

Phase-field threshold
$=05

Layer #1
Layer #2
Layer #3
Layer #4

Layer #5

Electrode layers .* ’
9
-

Phase-field functions

Optimal electrode Layout

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

Regularisation of the problem Ill

| Smooth representation of electrodes within £’ via an
in-surface phase-field function ;.

szf:{wgi:s"a[o,l], wEieH](Ei)}; i={1,...,N_

Rogelio Ortigosa (Optimal control in finif i icity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

Regularisation of the problem Ill

| Smooth representation of electrodes within £’ via an
in-surface phase-field function ;.

szf:{wgi:s"a[o,l], wEieH](Ei)}; i={1,...,N_

I Smooth extension of 1) .; into the volume yielding the
phase field function ¥By-

1
A, vp) = inf {/B ElvowBolde}
0

wBOEVwBO
o, _ {VBo i B ), vsy € H' (Bo)
st m, =eion £, i={l,... N — 1}

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromech: Seminar: Control in Times of Crisis
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The Design problem

Regularisation of the problem IV

Il Energy Interpolation Scheme

- Additive decomposition:

e(Ypy(X,1e), F,Do) = e(F) + ean(¢5, (X, pe), F, Do)
- Conditions to be satisfied:

ean (P, (X, ‘PE)’F’DO”%O:u = en(F, Do)

_ 1
een(¥8, (X, ws),F,Do)|w50:0 = Eeym(FaDO)

- Proposed scheme

1
(VB (X, e))’ + a(l — (¥, (X, e))")

Con (V) (X, Ye), F, Do) = eem(F, Do)

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

The regularised problem

- The PDE and boundary conditions

F =V,¢ in By
DIVP (45, (X, e ), F, Eo) +fo = 0 in By
PN =1 on 9By Phase-field threshold
_ =05
¢=9" on 945 -
- N 6305
Layer #3 - y
EO — _VOW in BO Layer #4
DIVDo(v5, (X, e ), F, Eo) = po in By S
Dy-N = —wy on 9,8y Electrode layers 9
- .
= @b on a(p Bo Phase-field functions
=+¢ on g:(: Optimal electrode Layout

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) inar: in Times of Crisis
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The Design problem

The optimal design problem |

- The Optimal Design problem

Phase-field threshold

$=05
min  J(¢ N
wgi X ( ) e / g
/ \ ¢=05
Statements W™ = 0 W& = ¢ ayer 2 |
Constitutive model and energy tayer 33 |
s.t interpolation scheme

Layer #5

Laplacian extension into the volume
0< Ypi(X) < 1 Ypi(X) € H'(E)

Electrode layers ‘*:
-

Phase-field functions

Qntimal electrode L avout

L5y (he), b, 0,04: D) = T (D) — W' (5, (1e), b, 0,08) — W (¥, (We), b, ¢, 1) ]

w"‘”(wso(wg),¢,¢,p¢)=/n P(sy, F,Dy) : Vopg dV — (/Q fo'p¢dV+/aQ t0'P¢dA)
0 0

ONm

W (g, (e), b, 0, 0p) = /ﬂ Do(,, F,Eo) - Vop, dV + (/Q pope dV + /asz wopp dA)
0 0

ONe

- Sensitivity of the Lagrangian

D,C[Aﬂ)g;] = /gi 8gi dA

Rogelio Ortigosa (Optimal control in finite strain elasticity and optimal design in electromechanics) Seminar: Control in Times of Crisis
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The Design problem

The optimal design problem Il

- The Optimal Design problem Phase-field threshold
6=05
min J(¢) )
e /
gl | o > f bs0s
Statements W™° = 0 W**° =0 st |
Constitutive model and energy e
s.t interpolation scheme

Layer #5

Laplacian extension into the volume
0< gpi(X) < 1 Ypi(X) € H'(E)

Electrode layers '*:
-

Phase-field functions

Optimal electrode Layout

1
0rtei = KV, — Oy, (30(We) + 02k ©h(ven) )

0=V ithgi- Nlggi

1/’gi|m = wf’g,-
D(ei) = 'l/)éi(l = 1/)51')2
h(hgi) = 11}23"(611}%5" — 15¢¢i + 10) Void * Electrode

Region Region
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Numerical examples

Numerical example |

~
£
¥
&
J: Martinez-Frutos, R. Ortigosa and A. J: Gil In-silico design of electrode meso-arquitecture for shape morphing dielectric elastomers,
IJMPS, submitted.
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Numerical examples

Numerical example I

2

B

J: Martinez-Frutos, R. Ortigosa and A. J: Gil In-silico design of electrode meso-arquitecture for shape morphing dielectric elastomers,
IJMPS, submitted.
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