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Problem statement

Let & and 3 be two smooth real functions defined on IR+ and Q be

Q= {(tx) R x € (a(t), B(r), a(t) < B(t), t € (0,09},

with 2(0) = 0 and B(0) = 1. We consider the system

5
©

yie(t, x) = yax(t, x), i
(S): 9 yx(t,a(t)) = f(B)ye(t,a(t)), y(t,B(t)) =0, i
y(0,x) = yo(x), ¥+(0,x) = y1(x), i
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Previous results

® M. Gugat (2007): B =1, [|&/[| ;g ) <1, f =1 = Finite time
stability with optimal time.

e K. Ammari, A. Bchatnia, and K. El Mufti (2018): S =1, a is
1-periodic with [|a/|| j« g ) <1, particular class of f =
Exponential decay rate.

® L. Lu, Y. Feng (2020): =1, a(t) =rt, v € (—1,0) =
Polynomial decay rate.
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Preliminaries

[e]e]e] o]

The problem

® How does the nature of the domain affect the asymptotic behavior
of the solution to system (S) for general «, ?.

® What happens when f = f(1)?.
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Notation

® For any function z, the functions z* will represent the quantities

zE(t) = t+z(t).

(B(1)) (a(t), B(t)) will denote the space

Hlg) (a(8), B()) = {0 € H' (a(t), B(£)), 0(B()) =0, vt = 0}.
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0O@00000000000
Assumptions

In the sequel, we assume that:

1) a, B are C! with a(t) < B(t), f(t) £ —1, ¥t > 0.
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0O@00000000000
Assumptions

In the sequel, we assume that:
1) a, B are C! with a(t) < B(t), f(t) # —1, Yt > 0.

2) Nl oo ryye 1B oo (rsy < 1.
— The functions

at(t) = t+a(t):[0,00) = [0,00),

BE(t) = t£P(t):[0,00) = [£1,00),

are invertible.
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Assumptions

Assumption (2) is necessary for the existence.
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Existence result
Under the assumptions (1)-(2),

For any (yo,y1, f) € H(11>(O,1) x L2(0,1) x C([0,0);R), there exists a

unique solution to systems (S) satisfying

y € C ([0,4]; Hlggey ((8), B(1) ) N C* ([0, 8] L(a(8), B(1)) , £ > 0.
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Extra-notations
Define the function ¢ := ¢(a, B) by
gi=ao(at) opro(p)
The function ¢ : [—1,00) — [a~ © (a*)fl (1),00) is well defined and

increasing function as composition of increasing functions, and hence
invertible.
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Extra-notations

Let (n(+)),=0 be a sequence of functions
Pu() 0 [0,9(0)) = [0,00)

T l[)n(T)Zﬁ F((a’)flo(P[i](T))‘,

i=0

where F = % The notation 49[”] refers to the /" composed of ¢ i.e.

¢[”] — (PO"'OQI?,
n times

with the convention 4,[0] =1
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Extra-assumptions

Assume that the assumptions (1)-(2) are satisfied, in addition, assume
that:
3) ¢(1) <+ < ¢ll(r) < PlHH(1) — oo,
n—oo
VT € [0,¢(0)).
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Main results
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Extra-notations

Let E(-) the usual energy functional
2
BB =M@yl @ poxizm.sm)

— /Df:)t) (y%(t,x) + y%(t,x)) dx.

Then we have:
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Main results

Let (o, 11, f) € H(ll)(O,l) x L2(0,1) x C([0,0); R). Assume that
(1)-(3) are satisfied. Then:

E(t) — 0 (1) — 0, ¥7 € [0,4(0)).

t—r00

Further, if there exists ¢ € C(IR, (0,00)) such that

pu(0) ~, C5 (9(0)), Vo € [0,9(0)),

n—oo

for some positive constant C > 0, then

E(t) < Cg(t)E(0), ¥t > 0.
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Main results
In particular, if we let ¢(t) = ¢“" in the previous theorem we obtain:

Corollary

Let (yo,y1,f) € H(l])(O,l) x L2(0,1) x C([0,0); R). Assume that
(1)-(3) are satisfied. The exists C > 0 and w € R such that

E(t) < Ce'E(0), Vt >0,

if, and only if

sup i In ¢ (7)

=w < 0
e[0(0))" > P (T)

Remark: If w = —oo, the solution is called super-stable.
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Main results

Let (o, 11, f) € Hgl)(O,l) x L2(0,1) x C([0,0); R). Assume that
(1)-(3) are satisfied. The energy E(-) vanishes in finite time T, i.e.

E(T) =0,

if, andonly if f =1 and T > T* = (06+)71 ot o(B7) ' (0).
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Main results

Conversely, we have:

Corollary

Let (yo,y1) € H%l)(O,l) x L2(0,1). For any fixed decay rate g, there
exists a feedback function f given by

gla (1) —g(goa (1) _
gla=(t)) +g(poa—(t)) fe(t),

such that
E(t) < Cg(t)E(0), Vt > 0.
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Set
_ 8(goa(t))
F(t) = 2@ (D) vVt >0,

with ¢(t) > 0, for all t > 0, we obtain

~—|

n

pu(T) = QF((,X*)*logb[i](r))‘:;o
g(g" (1)) ’ ,
§(¢1(1))

In this case, the existence of g is straightforward and since F = %, we
obtain

gl (1) —g(poa=(t) _
gla= (1) +g(poa—(t)) - fg(f), vt > 0.
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Example: Cylindrical domains
If « =0, p =1, by the previous corollary we obtain

g(t) —g(t+2)
= t), Vt > 0.
g(t) +g(t+2) fs(®)
® Exponential decay:

e st — efs(t+2) Ly

® Polynomial decay:

C(E1) S (t43)
fit) = (t+1)° + (t+3)s

= g(t)=(t+1)"",s>0.

® | ogarithmic decay:

_log*(t+1) —log *(t+3)
FO = e (1) T log (5 3)

— g(t) = logfs(t+1),s > 0.
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Example: Cylindrical domains

® Now, let f(t) = 5y = F(t) = 11, consequently, we obtain
o1 1 it N\
pr— = 1 .
=110 (r+1)2nmﬂ< T )

A simple computation yields

pu() ~ — O

ne (4 1) n T 2mnt

Growth bound? In cylindrical domain case, ¢! (t) = 21 + 7.

!
w— lim D¥n(@) _ _  Inn!
n—00 4)[71](1-) n—oo 21

—Super stability.
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Example: Non-Cylindrical domains

Let a(t) =rt, B(t) =kt +1, 1,k € (=1,1). Assume that
k>r= wa(t) < B(t),¥t > 0. Then:

(14+k)(1-7) 2(1—r)

O= T iy Tanan T

consequently,

a" (T—(lﬁa)>+ﬁ, r <k,

Assumption (3) is satisfied if, and only if 2 > 1.
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Example: Non-Cylindrical domains

(7)) ogli(z)

nl T b b )
a(l—f (1_”)(1—7’)>+(1—a)(1—r)’ <k

N s(7) z

5+ - r=k.
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Example: Non-Cylindrical domains (Constant feedback)

Figure: r=k
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Example: Non-Cylindrical domains

-

Figure: r<k
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Example: Non-Cylindrical domains
Let f € R\{—1,1}, then

1 n-+1
_ Fn+1 _ f
’\Pn f7+ 1
o Ifr<k:
Growth bound?
(n+1)In |2
w = lim D90 7] ~0.
n—so0 (P[H](T) n—00 ah

—Weaker than exponentiall
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Example: Non—CyIindricaI domains (Constant feedback)

Let g(t) =t 5. ifa 5 = jf(+}' s >0, then
)f 1|n+1
im0 L = C(t,1,k),YT € [0,b).
n—eo g <¢[n ( )) n—co (g” (’L’) +Z>
— Polynomial decay rate: t %, s = —In ! |a|In Hﬁ

o Ifr=k:
Growth bound?

hlan(T) o Tl+1 In f+1‘

i =

e g e e
 en(-r), |f-1
N 2 In f+1|

— Exponential decay rate.
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Example: Non-Cylindrical domains (Time-variant

feedback)
Take f(t) = 2+ = F(t) = H%
Recall that f(t) =53 = super — stability in th cylindrical case.
° Ifr<k:
1 L z |7
14 —
Pn(T H 5 |ats(t) + 2| a”(’}“)snﬂ(T) el a's(T)
Since a > 1
_ n(n+1) -1
Yu(t) ~ C(r,k,T)a” 2 s (1), YT €10,D).

n—o0

Growth bound?

©w= nlgrolo 4)[”](‘[) N njr;oﬁ In

2
In$u(7) _ lim 2 la| = 0.

—>Weaker than exponential!
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Example: Non-Cylindrical domains (Time-variant

feedback)

What is the decay rate in this case?.
”2
The leading term of ¢, (7) is a~ 2 . Letting g(t) = e~ 21981(1) yields
712
a -z~ Cg(a"s(t) +z), VT €[0,b).
: _ ,—Llog?(t)
—Decay rate with g(t) = ¢ 298\,
° Ifk=r:
(1 + r)n (1 . r)ﬂ+1

(I4r)(t4+1=r) *
2

¥n(T) o C(r,7)

2l (t+1—r)n
Growth bound?
Iny, (1) , Inn!

©E ) T AT 2 ™

—Super stable!
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Sketch of the proof

Introduce the Riemann invariants
{ P= yt—Yx
qg=Yt+Yx

An elementary computation shows that system (S) transforms into

Pt+Px:0r in Q,

(P) . qt — gx = 0/ in Q/
T (pHE()g) (£a(t)) =0, (p+4)(£(t) =0, in (0,),
p(0,x) = p(x), q(0,x) = g4(x), in (0,1),

where F(t) = FiOf

PO 12 (0o gy + 19 1 T2a ey = 4E(E).
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Sketch of the proof
Let us start by splitting Q into an infinite number of parts. Namely

Q = Uy>0Zh = Up>0Zh, ZP'N z;’,z? mzj. =0, i#],

\p
o p P
sP 35 3
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Sketch of the proof

Denote by py;, g, the restriction of p,q on ¥" and 7 respectively. The
solution py,qn, n > 0 to system (P) are given by

po(t,x) = p(x —t),
qo(t,x) = g(x +1),
pi(tx) = —F ((of)*l (t— x))ﬁ(oﬁ o (™) M (t— x)) ,

mt,x)=—p (=B o (") (x+1),

35/46



Sketch of the proof
pa(tx) = F ((a7) " (t=x))p (o7 (1)),
D2 (tx) =F((0) Topo(B)  (x40)i(e xt1),

where

-1

g:=pto(p) Toa oat)

If f =1 then F = 0= g is identically zero from the time that g, will be
zero, thatis t > T* = (a") "o pt o () (0).
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Sketch of the proof

p2n+1(t, x) HF( o (471)[“ (f—x)) X
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Sketch of the proof
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Sketch of the proof

At time > 0, the components p(t) and g(t) might involve at most three
values of the restrictive solutions p,(t) and g, (t) respectively.

39/46



Sketch of the proof

If for instance p(t) is expressed in function of po,_1(t), pan(t), pans1(£),
it can be expressed as

P2nf1(trx)r (t, X) € Zgnfl’
p(t,x) = an(t/ x)/ (f,X) € Zgn’
P2n+1 (t/x)/ (f, X) € 2§n+1,

therefore

3
P62 )

D=L oy Pl

1 2n+k—2
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Sketch of the proof

By using the exact solution formulas we obtain for k =1,2,3

P L2 w(e), (1))
< 1@ D22 >

3 n—1+[51] . N
) sup I ’F ((oc_) o (4)‘ ) (t— x)) ’
k=1 x’([’x)ezgnvk—z =0
By definition of the regions =/, # > 0 we have
(tx) € X ot-xe {gb[”_l] oa” o (zx+)_1 (1),47[”](0)
& t—xeghll ([or o (at)™! (1),¢(0))) )

(tx) € T et-xe [ph0),pMon o @h) (1))
& t—xe ¢l ({O,zx‘ o (uc*)_l (1))) ,
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Sketch of the proof
Therefore, there exist a sequences 7] (t,x) € {rxi o(at)™? (1),(/7(0))
and T (t,x) € [O,oc’ o(at)! (l)) such that

(t,x)

(t,x)
Observe that when (t,x) runs £ (resp. 22n+1 ), the bounded sequence
7' (£, x) (resp. Tz”(t x)) rises [of o(at)™? (1),¢(0)> (resp.

{O a”o(at)” > These sequences will play the role of two

b et—x=¢l U (L x)),
P

S
e xb e t—x=¢l"(T(tx)).

parameters T € [zx o(at)! (1),(])(0)) and
T € [O,zx* o(at)! (1)) With these notations, we have
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Sketch of the proof

3 n+k—2 -1 -1 4
Y, swp o I [F(e) e (o) e-n)
k=1x,(tx)esh  , i=0

n—1

< sup H

ne {O,zx*o(zx*)*] (1)) i=0

+ sup
nie[ao(at) ™ (1),4(0)) =0

+ sup
e {0,%70(&'+)71 (l)) i

I
<)
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Sketch of the proof

= sup Pua(T) + sup Pn1(7)
re[0ao(at) (1)) re[ao(wt) (1) (0))

+ sup P (7).
TE [0,&’*0(0&‘)71(1»

So,

POl 2@w,pey < CNEDI201)2 sup Pa(T)
T€[0,4(0))

We deal with g in the same way.

44 /46



Sketch of the proof

From what preceed, we deduce that

sup (1) — 0= E(t) — 0.
rep) e

If there exists a positive function g such that

Cg (¢1(1)) v, 9alT), VT €10,4(0),

n—o0

then obviously the solution decays like g.
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Sketch of the proof

The proof of the necessary part is straightforward, we have

./(t,x)eZp

2n+1

pca (b Pt [ pania ()P

2n+1

> ClIF D201 x201) ¥
inf 1/)%(7) + inf l/J%(T)
re[0a o) (1) refao(@r) ' (1)9(0))

Without loss of generality, if  inf ¢, (7) doesn't tend to zero there is
7€[0,4(0))

no decay.
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Sketch of the proof
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Thank You!
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