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Motivation

Garbage Patch

Controls:
f = f(x, t) in ω × (0, T ).
uΓ = uΓ(t) in (0, T ).
State: (u, p, ψ)
Problem: Find (f, uΓ) such that “minimize”:∫

Ω
|ψ(x, T )− ψd|2

∫∫
ω×(0,T )

|f |2 +

∫ T

0
|uΓ|2 +

∫∫
∂Ω×(0,T )

|σ(u, p) · −→n |2


ut − ν∆u + (u · ∇)u +∇p = h,
∇ · u = 0,
ψt − κ∆ψ + u · ∇ψ = −m(f, ψ),
u|∂Ω×(0,T ) = uΓ + . . .

(1)
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Introduction

Introduction

• Multi-Objctive Optimal Control Problem

min Ji(f)

{
a(u) = B(f)
+ bounded conditions

(2)

• Equilibria  

{
Nash
Pareto . . .

• Bi-Objective Problem and Nash equilibria

J1(f̂1, f̂2) ≤ J1(f1, f̂2) and J2(f̂1, f̂2) ≤ J2(f̂1, f2) ∀f1, f2 (3)
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Introduction

(c) Level curves (d) Pareto equilibria

(e) Pareto front (f) Nash equilibria
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Introduction

Introduction

Contents:

? Definitions and use control theory [Nash, Lions]

? Existence and characterization of Nash equilibria [Girsanov, Fursikov,
Lions]

? Algorithms and numerical experiments [Fursikov-Pironneau, Glowinski]
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Semilinear elliptic PDE

Semilinear Case

{
−∆u+ φ(u) = f11ω1 + f21ω2 , x ∈ Ω,
u = 0, x ∈ ∂Ω.

(4)

{
φ ∈ C1(R), φ′(s) ≥ 0 ∀s ∈ R,
|φ(s)| ≤ C + C|s| ∀s ∈ R. (5)

J1(f̂1, f̂2) ≤ J1(f1, f̂2) and J2(f̂1, f̂2) ≤ J2(f̂1, f2) ∀f1, f2 (6)

Ji(f1, f2, u) :=
a

2

∫
Oi

|u− uid|2 +
µ

2

∫
ωi

|fi|2,

a

µ
small (resp large) → easy (resp difficult).
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Semilinear elliptic PDE Nash equilibria and quasi-equilibria

Semilinear Case

Definition: Nash equilibria

Control pairs (f̂1, f̂2) ∈ L2(ω1)× L2(ω2) is a Nash equilibria if{
J1(f̂1, f̂2) ≤ J1(f1, f̂2) ∀f1 ∈ L2(ω1),

J2(f̂1, f̂2) ≤ J2(f̂1, f2) ∀f2 ∈ L2(ω2).
(7)

(f̂1, f̂2) Nash equilibria then

∂J1

∂f1
(f̂1, f̂2) = 0,

∂J2

∂f2
(f̂1, f̂2) = 0.
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Semilinear elliptic PDE Nash equilibria and quasi-equilibria

Semilinear Case

Definition:

(f̂1, f̂2) is a Nash quasi-equilibria if
∂J1

∂f1
(f̂1, f̂2) = 0,

∂J2

∂f2
(f̂1, f̂2) = 0.

Nash quasi-equilibria

(f̂1, f̂2) is a Nash quasi-equilibria ⇒ ∃ ϕ̂1, ϕ̂2 such that

−∆û+ φ(û) = f̂11ω1 + f̂21ω2 , x ∈ Ω,
û = 0, x ∈ ∂Ω,
−∆ϕ̂i + φ′(û)ϕ̂i = (û− uid)1Oi , x ∈ Ω,
ϕ̂i = 0, x ∈ ∂Ω,

f̂i = −a
µ
ϕ̂i|ωi

.

(8)
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Semilinear elliptic PDE Nash equilibria and quasi-equilibria

Semilinear Case

Theorem

Assume: N ≤ 8, φ is of class C2, |φ′|+ |φ′′| ≤M and a/µ small. The
following are equivalent:

(a) (f̂1, f̂2) is a Nash equilibrium.

(b) (f̂1, f̂2) is a Nash quasi-equilibrium.

Proof:

• (a) ⇒ (b) Karush-Kuhn-Tucker Theorem.

• (b) ⇒ (a) Define J̃1(f1) := J1(f1, f̂2) and J̃2(f2) := J2(f̂1, f2).
Calculate J̃ ′′1 (f̂1; g1, g1) and J̃ ′′2 (f̂2; g2, g2) and prove

J̃ ′′1 (f̂1; g1, g1) > 0 and J̃ ′′2 (f̂2; g2, g2) > 0 for all nonzero gi ∈ L2(ωi).

J̃1(f̂1; g1, g1) and J̃2(f̂2; g2, g2) are convex.
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Semilinear elliptic PDE Existence of Nash equilibria

Semilinear Case

Theorem

(a) a/µ small ⇒ ∃ Nash equilibria.

(b) a/µ very small ⇒ Uniqueness.

Proof:

Schauder’s Fixed-Point Theorem, Ψ : L2(ω1)×L2(ω2) 7→ L2(ω1)×L2(ω2)
with (f1, f2) = Ψ(f̃1, f̃2) if and only if

fi = −a
µ
ϕi|ωi

, i = 1, 2.
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Semilinear elliptic PDE Numerical algorithms

Semilinear Case

• Find a Nash quasi-equilibria, i.e, solve the optimallity system

−∆û+ φ(û) = f̂11ω1 + f̂21ω2 , x ∈ Ω,
û = 0, x ∈ ∂Ω,

−∆ϕ̂i + φ′(û)ϕ̂i = (û− uid)1Oi , x ∈ Ω,
ϕ̂i = 0, x ∈ ∂Ω,

f̂i = −a
µ
ϕ̂i|ωi

.

(9)
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Semilinear elliptic PDE Numerical algorithms

Semilinear Case

Algorithms 
−∆un + φ(un) = fn1 1ω1 + fn2 1ω2 , x ∈ Ω,
un = 0, x ∈ ∂Ω,
−∆ϕni + φ′(un)ϕni = (un − uid)1Oi , x ∈ Ω,
ϕni = 0, x ∈ ∂Ω

(10)

• ALG 1: Fixed-Point
fn+1
i = −a

µ
ϕni |ωi

. (11)

Take
fn+1
i = fn1 − ρiJ ′i(fn1 , fn2 )

with J ′i(f
n
1 , f

n
2 ) = aϕni + µfni .
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Semilinear elliptic PDE Numerical algorithms

• ALG 2: of the Optimal Step Gradient kind

fn+1
i = fni − ρni gni , (12){

gni = a ϕni |ωi
+ µfni ,

ρn1 = argmin
ρ≥0

J1(fn1 − ρgn1 , fn2 ), ρn2 = argmin
ρ≥0

J2(fn1 , f
n
2 − ρgn2 ).

(13)

• ALG 3: of the Optimal Step Conjugate Gradient kind

fn+1
i = fni − ρni dni , (14) dni = gni + γni d

n−1
i , γni =

(gni − g
n−1
i , gni )L2(ωi)×L2(ωi)

‖gn−1
i ‖2

L2(ωi)

,

gni = a ϕni |ωi
+ µfni

(15)

ρn1 = argmin
ρ≥0

J1(fn1 − ρgn1 , fn2 ), ρn2 = argmin
ρ≥0

J2(fn1 , f
n
2 − ρgn2 ).

(16)
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The stationary Navier-Stokes system
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The stationary Navier-Stokes system Difficulties

Navier-Stokes

Difficulties
• System

−ν∆u+ (u · ∇)u+∇p = f11ω1 + f21ω2 x ∈ Ω,
∇ · u = 0 x ∈ Ω,
u = 0, x ∈ ∂Ω.

(17)

• Non-linear

• Non-uniqueness

Ji(f, u) :=
a

2

∫
Oi

|u− uid|2 +
µ

2

∫
ω
|f |2, i = 1, 2, (18)

• Existence of Nash equilibria ? OPEN

• Nash equilibria ⇒ Nash quasi-equilibria
 Dubovitsky-Milyoutin formalism (technical proof)
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The stationary Navier-Stokes system Newton Method

Navier-Stokes

Nash quasi-equilibria: (f1, f2) such that

−ν∆u+ (u · ∇)u+∇p = f11ω1 + f21ω2 x ∈ Ω,
∇ · u = 0 x ∈ Ω,
u = 0, x ∈ ∂Ω,

−ν∆ϕi + (u · ∇)ϕi + (∇u)tϕi +∇qi = (u− uid)1Oi x ∈ Ω,
∇ · ϕ = 0 x ∈ Ω,
ϕ = 0, x ∈ ∂Ω,

fi = −a
µ
ϕi1ωi .

(19)
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The stationary Navier-Stokes system Newton Method

Navier-Stokes

Newton Method
• Fix ν sufficiently large.

• We try to find (f1, f2) and u such that
∂Ji
∂fi

(f̂1, f̂2) = 0. Denote

F :=
(∂J1

∂f1
,
∂J2

∂f2

)
and compute till convergence

(fn+1
1 , fn+1

2 , un+1) = (fn1 , f
n
2 , u

n)− (F ′(fn1 , f
n
2 , u

n))−1F (fn1 , f
n
2 , u

n).

• Then modify ν and Newton iterates again.

Irene Maŕın-Gayte Theoretical and numerical bi-objective optimal control: Nash equilibria
work in collaboration with Enrique Fernández-Cara 22

/ 39



The stationary Navier-Stokes system Newton Method

Navier-Stokes

Newton Method

(a) Choose (f0
1 , f

0
2 ) ∈ L2(ω1)N × L2(ω2)N and ν0 ∈ R+ and compute

the solution (u0, p0) to{
−ν0∆u0 +∇p0 = f0

1 1ω1 + f0
2 1ω2

∇ · u0 = 0, u0 = 0,
(20)

and the solution (ϕ0
i , q

0
i ) to{

−ν0∆ϕ0
i +∇q0

i = (u0 − uid)1Oi ,
∇ · ϕ0

i = 0, ϕ0 = 0,
(21)

and we take

f0
i = −a

µ
ϕ0
i

∣∣
ωi

and ν1 = max{ν̃, aν0}.
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The stationary Navier-Stokes system Newton Method

(b) For given n ≥ 0, νn, fni ∈ L2(ωi)
N , (un, pn) and (ϕni , q

n
i ):

(b.1) Take fn,0i = −a
µ
ϕn
i |ωi

, un,0 = un, ϕn,0
i = ϕn

i and

νn+1 = max(aνn, ν̃).

(b.2) For given k ≥ 0, fn,ki , un,k, ϕn,k
i , compute the solution (vk, hk, ψk

i , η
k
i )

to
−νn+1∆vk + (un,k · ∇)vk + (vk · ∇)un,k +∇hk = Fn,k x ∈ Ω,

−νn+1∆ψk
i − (un,k · ∇)ψk

i − (vk · ∇)ϕn,k
i + (∇un,k)tψk

i

+ (∇vk)tϕn,k
i +∇ηki = Gn,k

i x ∈ Ω,
∇ · vk = 0, ∇ · ψk

i = 0 x ∈ Ω,
vk = 0, ψk

i = 0, x ∈ ∂Ω
(22)

Fn,k := −νn+1∆un,k + (un,k · ∇)un,k − fn,k1 1ω1
− fn,k2 1ω2

Gn,k
i := −νn+1∆ϕn,k

i − (un,k · ∇)ϕn,k
i + (∇un,k)tϕn,k

i

−(un,k − uid)1Oi
,

(b.3) Take

un,k+1 = un,k − vk, ϕn,k+1
i = ϕn,k

i − ψk
i . (23)
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The stationary Navier-Stokes system Numerical experiments

Navier-Stokes- Test 1

Figure: Test 1- The domain and the “rough” mesh; Ω is composed of the band ω,
the large rectangle O1 and the small rectangle O2. Number of nodes: 1519 .
Number of triangles: 2876.
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The stationary Navier-Stokes system Numerical experiments

Figure: Test 1- The function u1d = ∇× ψd; u2d ≡ 0.
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The stationary Navier-Stokes system Numerical experiments

Vec Value
0
0.12109
0.242179
0.363269
0.484358
0.605448
0.726538
0.847627
0.968717
1.08981
1.2109
1.33199
1.45308
1.57416
1.69525
1.81634
1.93743
2.05852
2.17961
2.3007

(a) Velocity

Figure: Test 1- The final velocity field and the adjoint states computed with
Newton Method for Re = 141.. Now, a = 1.5 and µ = 2− a = 0.5.

Approximately ∇× ψd in O1 and 0 in O2.

Irene Maŕın-Gayte Theoretical and numerical bi-objective optimal control: Nash equilibria
work in collaboration with Enrique Fernández-Cara 27

/ 39



The stationary Navier-Stokes system Numerical experiments

Vec Value
0
1.02004
2.04008
3.06013
4.08017
5.10021
6.12025
7.14029
8.16034
9.18038
10.2004
11.2205
12.2405
13.2605
14.2806
15.3006
16.3207
17.3407
18.3608
19.3808

(a) First Adjoint State

Vec Value
0
0.363598
0.727197
1.09079
1.45439
1.81799
2.18159
2.54519
2.90879
3.27238
3.63598
3.99958
4.36318
4.72678
5.09038
5.45397
5.81757
6.18117
6.54477
6.90837

(b) Second Adjoint State

Figure: Test 1- The final velocity field and the adjoint states computed with
Newton Method for Re = 141.. Now, a = 1.5 and µ = 2− a = 0.5.
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The stationary Navier-Stokes system Numerical experiments

Navier-Stokes- Test 2

Figure: Test 2- The domain and the mesh; O1 and O2 are respectively the upper
and lower small rectangles on the right. Number of nodes: 1993 . Number of
triangles: 3685.
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The stationary Navier-Stokes system Numerical experiments

Figure: Test 2- The function u1d (Poiseuille outflow in O1; u2d ≡ 0 in O2.
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The stationary Navier-Stokes system Numerical experiments

(a) Re = 40. (b) Re = 202.

Figure: Test 2- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.95, µ = 2− a = 0.05.

Irene Maŕın-Gayte Theoretical and numerical bi-objective optimal control: Nash equilibria
work in collaboration with Enrique Fernández-Cara 31

/ 39



The stationary Navier-Stokes system Numerical experiments

(a) Re = 404. (b) Re = 1011.

Figure: Test 2- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.95, µ = 2− a = 0.05.
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The stationary Navier-Stokes system Numerical experiments

Navier-Stokes- Test 3

Figure: Test 3- The domain and the mesh; Ω is composed of the main pipe, the
two first rectangles ω1 and ω2, the second upper rectangle O1 and the second
lower rectangle O2. Number of nodes: 1541 . Number of triangles: 2774.

Irene Maŕın-Gayte Theoretical and numerical bi-objective optimal control: Nash equilibria
work in collaboration with Enrique Fernández-Cara 33

/ 39



The stationary Navier-Stokes system Numerical experiments

Figure: Test 3- The function u1d = ∇× ψd in O1; u2d ≡ 0 in O2 .
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The stationary Navier-Stokes system Numerical experiments

(a) Re = 152.

Figure: Test 3- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.99, µ = 2− a = 0.01.
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The stationary Navier-Stokes system Numerical experiments

(a) Re = 812.

Figure: Test 3- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.99, µ = 2− a = 0.01.
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The stationary Navier-Stokes system Numerical experiments

(a) Re = 1625.

Figure: Test 3- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.99, µ = 2− a = 0.01.
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Open Questions

Open Questions

• Navier-Stokes: Existence of Nash equilibria? Something can be said if
ν is sufficiently large and a/µ is small.

• Navier-Stokes: When do we have Nash quasi-equilibria ⇒ Nash
equilibria?

• Evolution Navier-Stokes? In progress

• Stationary and evolution Boussinesq system? (back to plastic
patches . . . )
. . .
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