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Garbage Patch

Controls:

f=f(z,t)inwx(0,T).

ur = UI‘(t) in (O,T).

State: (u,p, )

Problem: Find (f, ur) such that “minimize”:

/ (e, T) — al?
Q

T
/ / P+ / fur? + / / lo(u,p) - 72
wx(0,T) 0 o0 x(0,T)

u; —vAu+ (u-V)u+ Vp=h,
V-u=0, (1)
Y — kAP +u - Vi = —m(f, ),

ulgax o) =ur  + ...
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Introduction
Introduction

o Multi-Objctive Optimal Control Problem

min Ji(f) { a(u) = B(f) (2)

+ bounded conditions

Nash

o Equilibria ~~ { Pareto

+ Bi-Objective Problem and Nash equilibria

Jl(f/l\hf/;) < Jl(fhf/;) and JQ(‘E)};) < J2(fhf2) vflaf? (3)
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Introduction

Introduction

+ Definitions and use control theory [Nash, Lions]

+ Existence and characterization of Nash equilibria [Girsanov, Fursikov,
Lions]

+ Algorithms and numerical experiments [Fursikov-Pironneau, Glowinski]
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Semilinear elliptic PDE
Semilinear Case

—Au+¢(u) = file, + folu,, z€Q, )
u=0, x€of.
¢ €CL(R), ¢'(s) >0 Vs€eR, )
|¢(3)|SC+C’|S| Vs € R.

J(f1, f2) < Ji(f1, fo) and Jo(f1, fo) < Jo(fr, f2) Vi, f2 (6)

K foy = [l + 5 [ 15

2 small (resp large) — easy (resp difficult).
o
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Semilinear elliptic PDE Nash equilibria and quasi-equilibria

Semilinear Case

Definition: Nash equilibria

Control pairs (fl,fg) € L?(wy1) x L?(w7) is a Nash equilibria if

Ti(fi, f2) S Ifi, fo) V€ L), o
Jo(f1, f2) < Ja(f1, f2)  Vifa € L*(w).

(ﬁ,fz) Nash equilibria then

Sr B =0 SE(RR)=o
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Semilinear elliptic PDE Nash equilibria and quasi-equilibria

Semilinear Case

Definition:

(fl,fQ) is a Nash quasi-equilibria if W(fl,fg) 0,
1

Nash quasi-equilibria

(f1, f2) is a Nash quasi-equilibria = 3 (1, 5 such that

,

—Ad+ ¢(d) = fily, + folw, TE€Q,

=0, x€df,

—A; + ¢ (0)@; = (4 — wig)lo;,, z€Q, (8)
Sai = 07 S 697

~ a
fi= —; 80i|w2. .
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Semilinear elliptic PDE Nash equilibria and quasi-equilibria

Semilinear Case

Theorem

Assume: N <8, ¢ is of class C?, |¢'| + |¢"| < M and a/u small. The
following are equivalent:

(2) (f1, f2) is a Nash equilibrium.
(b) (f1, fz) is a Nash quasi-equilibrium.

Proof:

* (a) = (b) Karush-Kuhn-Tucker Theorem.
* (b) = (a) Define Ji(f1) == Ji(f1.f2) and  Jo(f2) = Ja(f1, fo).
Calculate J¥' (f1 g1,91) and J2 (fQ,gz,gg) and prove

J1 (fl,gl g1) >0 and J2 (fg,gz,gz) > 0 for all nonzero g; € L?(w;).
Jl(fl,gl g1) and Jg(fg,gg,gg) are convex.
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Semilinear elliptic PDE Existence of Nash equilibria

Semilinear Case

Theorem
(2) a/p small = 3 Nash equilibria.
(b) a/up very small = Uniqueness.

Proof:

Schauder’s Fixed-Point Theorem, W : L?(w;) x L*(wa) + L*(w1) x L?(w2)
with (f1, f2) = U(f1, f2) if and only if

a .
fz:_ﬁ @ilwia ’L=172'
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Semilinear elliptic PDE Numerical algorithms

Semilinear Case

o Find a Nash quasi-equilibria, i.e, solve the optimallity system

(

—AT+ ¢(@) = fily, + fole,, TE€Q,
u=0, z€adN,

—AG; + ¢/ (W)@ = (U —uig)lo;, z €, (9)
Q/O\i =0, xe€ 39,
~ a
fi=——@il,, -
. iz ’wl

Irene Marin-Gayte Theoretical and numerical bi-objective optima



Semilinear elliptic PDE Numerical algorithms

Semilinear Case

Algorithms

—Au" + ¢(u") = f1'ly, + fFlw,, T €Q,
u =0, x €01,

1
—AQP + ¢ (uM)el = (" — wig)lo,, @€ D, (10)
pr =0, zedfd
o ALG 1: Fixed-Point a
P = o Pi s - (11)

Take
== pdi(f1 f3)
with Ji(fT', f3') = a@] + puff".
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Semilinear elliptic PDE

ALG 2: of the Optimal Step Gradient kind
=17 - ol (12)

97 = a gil,, +ufl,
pr = argmin Ji(f7 — pgi, f5),  p3 = argmin Ja(f1 3 — pgB).
p=0 p=>0

(13)
ALG 3: of the Optimal Step Conjugate Gradient kind
= 17 - pidy, (14)
(gf - gn_17gzn>L2(w-)><L2(w-)
dn = g:" + "}/nd?_17 ’yn = U po ° i 5
’ ’ ' ”91 1”%2(%) (15)

9 = a i, +ufi’
p1 = argmin J1(f1' — pgt, f3'), py = argmin Jo(f1', f3' — pg3 ).
p=0 p=>0
(16)
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The stationary Navier-Stokes system Difficulties

Navier-Stokes

Difficulties

o System
—vAu+ (u-V)u+ Vp = fil,, + foly, €,
V-u=0 z€Q, (17)
u=0, x¢€aN.

* Non-linear

» Non-uniqueness

a 0
wi=g [ u-wl+ b (1R =12 ()
O; w

Existence of Nash equilibria 7 OPEN

Nash equilibria = Nash quasi-equilibria
~~ Dubovitsky-Milyoutin formalism (technical proof)
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The stationary Navier-Stokes system Newton Method

Navier-Stokes

Nash quasi-equilibria: (f1, f2) such that

([ —vAu+ (u-V)u+Vp= fily, + fol,, €Q,
V-u=0 xe€q,
u=0, x€&oa,

—VA(,OZ' + (u . V)(pi + (Vu)tcpi + Vg; = (u — uid)loi T €, (19)
V-p=0 z€q,
p=0, x€09Q,

a
fi= —;soz'lwi~
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The stationary Navier-Stokes system Newton Method

Navier-Stokes

Newton Method

o Fix v sufficiently large.

« We try to find (f1, f2) and u such that (fl,f2) = 0. Denote

00 0,
Fi= (55 a7,

I ST = (FF, £ u™) = (B (7, £3,u™) T R (T f5,u®).

o Then modify v and Newton iterates again.

afi

) and compute till convergence
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The stationary Navier-Stokes system Newton Method

Navier-Stokes

Newton Method

(a) Choose (£, f9) € L*(w1)N x L*(w2)Y and v° € R and compute
the solution (u®, p°) to

—0AW0 + Vp? = 01, + 1., (20)
V-ud=0, u’=0,
and the solution (¢?, ¢?) to
VA + Vg = (u° —uia)lo;,
0 0 (21)
V- P = 0, ¢ =0,
and we take
fl= — ©? .. and vl = max{7, a’}.
M 7
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The stationary Navier-Stokes system

For given n >0, v", fI' € L2(w)N, (u",p") and (pF, ql):
Take f"* = —/%go? lo, 5 u™® =", o0 = P and

v = max(av™, ).

For given k > 0, f"* u™* % compute the solution (v*, h¥, ¢, nk)
to
— " HLAVE 4 (uE . V)oF + (VR V)u"”c +VhE=Fvk zeQ,
LA — (V) — (0F - V)l 4 (k) tyh
+ (Vok)t "’C+Vm Gt oreq,
V-ok=0, V-9F=0 2€Q,
v =0, YF=0 z€0Q
(22)
Fn,k o _Vn+1Aun,k + (un,k . V)un,k _ Il’klwl _ ;LJ@IWZ
n,k n n,k n n,k n n,k
GP* = —ymHAGE — (- V) + (Vur )ty
_(,un - Uzd)]-(?w
Take
un,k:-i—l _ un,k o Uk, (p:b Jk+1 _ sD?,k: o wi@ (23)
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The stationary Navier-Stokes system Numerical experiments

Navier-Stokes- Test 1

Figure: Test 1- The domain and the “rough” mesh; 2 is composed of the band w,
the large rectangle O; and the small rectangle O3. Number of nodes: 1519 .
Number of triangles: 2876.
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The stationary Navier-Stokes system Numerical experiments

Figure: Test 1- The function uig = V X 1)4; Uaq = 0.
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The stationary Navier-Stokes system Numerical experiments

Vec Value

w2307

R

_{‘,f',k. ETrL

A

(a) Velocity

Figure: Test 1- The final velocity field and the adjoint states computed with
Newton Method for Re = 141.. Now, a =1.5and p =2 —a = 0.5.

Approximately V x 14 in O1 and 0 in Os.
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The stationary Navier-Stokes system Numerical experiments

Vec Value

(2) First Adjoint State (b) Second Adjoint State

Figure: Test 1- The final velocity field and the adjoint states computed with
Newton Method for Re = 141.. Now, a =1.5and u =2 —a = 0.5,
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The stationary Navier-Stokes system

Test 2- The domain and the mesh; O; and O; are respectively the upper
and lower small rectangles on the right. Number of nodes: 1993 . Number of
triangles: 3685.
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The stationary Navier-Stokes system Numerical experiments

Figure: Test 2- The function w4 (Poiseuille outflow in O1; uzq =0 in Os.
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The stationary Navier-Stokes system Numerical experiments

(a) Re = 40. (b) Re = 202.

Figure: Test 2- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.95, u =2 — a = 0.05.
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The stationary Navier-Stokes system Numerical experiments

(a) Re=404. (b) Re=1011.

Figure: Test 2- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.95, y =2 — a = 0.05.

Irene Marin-Gayte Theoretical and numerical bi-objective optima



The stationary Navier-Stokes system Numerical experiments

Navier-Stokes- Test 3

Figure: Test 3- The domain and the mesh; €2 is composed of the main pipe, the
two first rectangles wy and ws, the second upper rectangle O; and the second
lower rectangle Q. Number of nodes: 1541 . Number of triangles: 2774.
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The stationary Navier-Stokes system Numerical experiments

Figure: Test 3- The function w13 =V X ¥g in O1; usqg =0in Oy .
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The stationary Navier-Stokes system Numerical experiments

iy
ST Nt o

(2) Re=152.

Figure: Test 3- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a =1.99, y =2 —a = 0.01.
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The stationary Navier-Stokes system Numerical experiments

(2) Re =812.

Figure: Test 3- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.99, p =2 —a = 0.01.
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The stationary Navier-Stokes system Numerical experiments

i Pt
',\\\\l\lll\\nn
e T

(2) Re=1625.

Figure: Test 3- The final velocity fields computed with Newton Algorithm for
various Reynolds coefficients in the case a = 1.99, p =2 —a = 0.01.
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Open Questions

Open Questions

« Navier-Stokes: Existence of Nash equilibria? Something can be said if
v is sufficiently large and a/p is small.

o Navier-Stokes: When do we have Nash quasi-equilibria = Nash
equilibria?
o Evolution Navier-Stokes? In progress

« Stationary and evolution Boussinesq system? (back to plastic
patches . ..)
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