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ective

Disturbance
We consider the following block diagram :

d(t)

Input

- Yontr Output
Error Sliding Mode Control PDE p
v o (t) u(t) y(0)

Objective : construct a boundary feedback law u(-) which globally stabilizes the input y;

Sliding Mode Strategy

The sliding controller u is designed to attain a sliding surface in finite time on
which

— the boundary disturbance d(-) is rejected

— the global asymptotic stability is ensured

Question : how is the sliding surface constructed ?

— The sliding surface is derived from the gradient of a Lyapunov function
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|. Sliding Mode Control to ODEs
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Sliding Mode Control to ODEs

We consider the spring-mass system with unknown disturbance d(-) :

)‘(1(1‘) = Xg(t)

The undisturbed case (d = 0) : the feedback control law u(t) = —vx(t) with v > 0

o The Lyapunov function V(xi,x) = 1(kx? + mxZ) — (0,0) is stable

o LaSalle’s invariance principle — (0,0) is globally asymptotically stable
The disturbed case (d # 0) : a sliding mode strategy is used

@ The sliding variable o : (x1,x2) € R? = (1,1).VV(x1, %) = kxg + mxa
o The sliding surface & = { X = (xi,%) € R? /o(X) =0}
@ The sliding controller u(t) = —(k + m)x(t) — Ksign(o(x1(t), x2(t)))

-1 if z(t) <0 — Assuming that K > ||d||~ then
where sign(z) =< [-1,1] if z(t)=0 (0,0) is globally asymptotically stable
1 if z(t) >0
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Sliding Mode Control to ODEs

Proposition. The solution (x1(-), x2(+)) attains the sliding surface ¥ in finite time and remains on it

Proof. The sliding variable o : t — o(xi(t).x2(t)) is a Filippov solution of

{d(t) € —o(t) — Ksign(o(t)) + d(t),

ODE
a(0) = x? +x3. ( )

Definition

A Filippov solution of (ODE) is an absolutely continuous map that satisfies (ODE)
for almost all t.

o(t):
Since d € L*(Ry) and K > ||d|[;~(r), we have

e o€ WH2(R)
e dT /Vt> T, o(t) =0o(t) =0.

= (x1(t),x2(t)) € X forany t > T
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Sliding Mode Control to ODEs

Proposition. The solution (x1(-), x2(+)) is globally asymptotically stable on the sliding surface ¥
Proof. On the sliding surface ¥ the spring-mass system

Xl(t) = Xz(t) X o
o(t) = —ix E u d(t))  becomes w0 XZ(:) k
5(t) = 1(t) + m( (t)+ Solt) = —;M(f) — TnmXZ(t)

a

x1(t), %(t)) (x1(+), x2(+)) reaches the sli-
/ ding surface X at time T

04

Plotting of (x1(+), x2(+)) and the sliding surface ¥ in the plane phase (x1,x2). K = 2 and d(t) = sin(t)
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lI. Sliding Mode Control to PDEs
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References

In recent years, some authors have applied a Sliding Mode Control to PDEs
[Barbu, Colli, Cheng, Guo, Jin, Krstic, Liu, Levaggi, Orlov, Pisano, Utkin, Shu, Xu]

Considering linear hyperbolic systems with boundary input disturbances

@ Construction of a sliding surface ¥ and a sliding controller u
— Backstepping method [Guo, Jin, Tang, Krstic]

— Gradient of a Lyapunov function [T.L, Balogoun, Marx, Plestan]

o Existence and uniqueness of solutions

— Semigroup theory C°([0, 7)) with T the time when the solution of PDEs
reaches the sliding surface ¥ [Guo, Jin, Tang, Krstic|

— Coupled PDEs-ODE CO([O,Jroc)) [T.L, Balogoun, Marx, Plestan]
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Linear 2 x 2 hyperbolic system

Let RY, RY € LP(R) with p € [1,+00], A1 >0, A2 > 0 and k, € R. We
consider the linear hyperbolic system

O¢R1(t, x) + MOxRi(t,x) =0

O Ro(t, x) — M0k Ro(t,x) =0

Ra(t,0) = u(t) +d(t) (PDE)
Ry(t,L) = kaRy(t, L)

Ri1(0,x) = RY(x), R2(0, x) = RI(x)

Objective : find a Sliding Surface ¥ on which (PDE) becomes

OrRi(t, x) + MOxRi(t,x) =0
OrRa(t, x) — M0y Ra(t,x) =0
Ri(t,0) = ki Ra(t,0)
Ro(t,L) = koRy(t, L)

(PDE-SS)

in finite time T > 0 with k; chosen such that |kiky| < 1. From [Bastin, Coron (2016)]
(0,0) is exponentially stable for (PDE-SS)
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Sliding Mode Control (SMC)

From [Bastin, Coron (2016)], a candidate Lyapunov function for (PDE-SS) is
Vo (fg) € (R — foL%fz(X)e%lx + ,%EZ(X)e%de

where p; and ps satisfies po — prk? > 0 and p; > pok? exp(u(TL1 +L)

Sliding Mode Strategy
The sliding variable o : (f,g) € LP(R)? — 6L %lf(x)e%x + %g(x)e%xdx
The sliding surface © = {(f,g) € LP(R)*/o(f,g) =0}
The sliding controller v :t € Ry — kiRo(t,0) — Ksign(o(Ru(t,-), Ra(t,-))

L L
—u(k k)

with ki = ET Note that, for any v > 0, |kiko| < 1.
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Existence and stabilization

O R1(t, x) + MO« Ru(t,
Ot Ra(t, x) — M0k Ro(t,
Ri(t,0) = ki R(t,0)

Ro(t, L) = koRy(t, L),
Ri(0,x) = RY(x), Ra(0,x) = R3(x),

x) =0,
x) =0,
Ksign(o(Rui(t, "), Ro(t,-)) + d(t)

(PDE)

Theorem (Existence)

Let p € [1,00] and RY, RS € LP(0,L). If p # +oo, the system (PDE) admits a
weak solution
(R1, R2) € C°([0,00); LP((0, L); R?)).

If p= o0, (Ri, R2) € C°([0, o0); L1((0, L); R?)).

Theorem (Stabilization)

For any K > ||d||s, 3 C, st such that, for any R?, RS € LP(0, L) with
p € [1,00], for any t € [0, 00),

[(Ru(t,-), Ralt, ) Il eco,nyirzy < Ce™HI(RO(-), RO() T lleoco,yimey.s

for any (Ru(t,-), Ra(t,-)) weak solution of (PDE).
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Existence of weak solutions : a coupled PDE-ODE

We consider the weak coupled PDE-ODE

0¢S1(t, x) + M0 S51(t,x) =0
8t52(t,x) — )\20)(52(1’, X) =0
Si(t,0) = ki So(t,0) + () + vy (t)

So(t, L) = kaSa(t, L)

A(t) = —vy(t) — Ksign(y(t)) + d(t)
7(0) = o(RL, RY)

51(0,x) = RY(x), 52(0,x) = R3(x)

For any K > ||d|| > (r.), for any ~ Filippov solution of ODE,
+vy € LY(R)NL®(R) = existence of weak solutions for PDE-ODE

The function o : t — o(S1(t, ), Sa(t, -)) satisfies

5(t) = ~vo(t) +4(8) + (1) o(t) = (1)
{ o(0) = o(RY, RY) = { 3(t) + () = ~Ksign(o (1)) + (1)

= existence of weak solutions for PDE
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Stabilization

Let (Ry, R2) a weak solution of (PDE). The sliding variable o : t — o(Ry(t,-), Ra(t.-)) is
a Filippov solution of

{d(t) € —vo(t) — Ksign(o(t)) + d(t),
a(0) = o(RY, R?)

Since d € L*(Ry) and K > | d|[;(r),
T /Vt > T, o(t) =0(t) =0.

The (PDE) becomes for any t > T

8tR1(f,X) +)\13le
atRz(t,X) — M0 Ry
Ri1(t,0) = ki Ra(t,0
Ro(t, L) = koRy(t, L

t,x) =0,
t,x) =0,

NN il

)

with |kikp| < 1. From [Bastin, Coron (2016)] (0,0) is exponentially stable
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Non uniforme 2*2 hyperbolic system

x)0xRi(t, x) =0,
x)OxRa(t, x) =0,

6tR1(t, X) + A\

(
atRz(l’, X) — )\2(

Ry(t,0) = ki Ro(t,0) — Ksign(o(Ru(t,-), Ra(t,-)) + d(t)
Ry(t, L) = koRy(t, L),
R1(0,x) = RY(x), Ra(0, x) = RE(x), (PDE)
s k — [ <E~ds
The sliding variable o : (f,g) € LP(R / N {X BT f(x )+)\2(1X)e ke %0 % g (x)dx.

The sliding controller u: t € Ry — ki Ra(t,0) — Ksign(o(Ru(t, ), Ra(t,-))

with kiky = exp(—v [y 55 + 529)

Theorem (Stabilization)

For any K > ||d||oe, 3 C, ju such that, for any R?, RS € LP(0, L) with
p € [1,00], for any t € [0, 0),

[(Ru(t: ), Ralt, ) T liwqo.yirey < Ce #HI(RD(), RI()) T lliw(o.r2)s

with (Ry(t,), Ra(t,-)) solution of (PDE).
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V. Simulations
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Simulation without controller

BeRy (£, x) + MORi(t,x) = 0, The parameters are

0:Ro(t,x) — X20xRa(t, x) = 0, e L=3

Ru(t,0) = d(t) oM =2 XA=1

Ry(t, L) = koRy(t, L), o ky=—1

Ru(0,x) = RO(x), Ra(0,x) = RI(x), o d(t) = sin()
4 . T 4 . T

' : A
()b e+

Plotting of an approximate solution (Ry(T,-), R2(T,-)) using an upwind scheme.
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Simulation with Sliding Mode Controller (SMC)

BeRy(t, x) + MR (£, x) = 0, The parameters are

O Ro(t, x) — Mp0xRo(t, x) = 0, 0ol =3

Ri(t,0) = SMC + d(t) oM =2 M=1
Rao(t,L) = kaRu(t, L), o ki = —0.6376, kp = —1
R1(0,x) = RY(x), Ra(0, x) = RY(x), o d(t) =sin(t)

T
el e

Plotting of an approximate solution (Ry(T,-), R2(T,-)) using an upwind scheme.
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V. Sliding Mode Control to scalar
conservation laws
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Sliding Mode Control to conservation laws

We consider the one-dimensional Burgers equation :

Oru(t.x) + Oxf(u(t,x)) =0, \
ZEE (Z)) i Z;((tt))jr d(t), with the flux f : v — % (PDE)
u(0, x) = up(x),

Objective : construct a boundary feedback law (u;(-), ug(-)) which globally
stabilizes the stationary entropy solution

|k fo<x<p
y’*{fk ifp<x<L k=0,pe(0.L)

The sliding variable o : f € L}(0,L) — fo"(f(x) — yi(x))dx
The left controller u; : t € Ry — y;(0) — Ksign(o(u(t,-)))

The right controller ug : t € Ry — y (L)
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Conservation laws : weak solutions

Barrier 1 : non-regularity of solutions

—> creation of a discontinuity (called shock) in finite time

The function u is a weak solution to (PDE), for (t,x) € (0,+00) x R, i.e for all p € C}(R?%R),

/F;+ /F;(uOt¢+ f(u)Oxp)dxdt + /F; uo(x)2(0, x)dx = 0.
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Conservation laws : weak-entropy solution

Barrier 2 : infinity of weak solutions

uo u(t,-) u(t,-)

t=0 t=05 t=1

 E—
x x

Solution 1 : moving of a discontinuity

ug u(t,-) u(t,-) /

t=0 t=0 tjl/

S —

T x

Solution 2 : dissipation of a discontinuity
The function u is a weak-entropy solution to (PDE) if Vk € R, Vp € C}(R%,Ry),

/R /R(\u — k|Orp + sgn(u — k)(f(u) — F(k))Oxp)dxdt + /R Jup — k|¢(0, x)dx > 0.

[S.N. Kruzkov, P.D. Lax, T.P. Liu, O.A. Oleinik]
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Conservation laws : boundary conditions

Barrier 3 : entropy boundary conditions

For u € R we define Adm;(u) and Adm,(u) as follows

_[{zeR / f(z)<0} i /() <0,
Adm (u) := { {(zeR | F(z)<0and F(z) > f(u)} N {u} if F(u) >0, }
[ {zeR | F2)20) if £/(u) > 0,
Admp(u) := { }z €R / F(z)>0and f(z) > F(u)} N {u} if F(u) <O, }

For almost all time t > 0

u(t,0+) = ui(t) + d(t) becomes wu(t,04+) € Admy(u.(t) + d(t))
u(t,L—) = ug(t) becomes u(t,L—) € Admg(ug(t))
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Sliding Mode Control to scalar conservation laws

We consider the one-dimensional Burgers equation :

Oru(t.x) + Oxf(u(t,x)) =0, \ -
u(t,0) = u (t) + d(t), )
u(t, L) = ug(t), .l
u(0, x) = uo(x),

] 4
ok ]
Example : L =3, yo(-) = -1, d(t) =0, <
UL(t) = 0.5, UR(t) =-1 ol 4
We have vy (t) # u(t,0+) for any t >0 L )
I O E S R R

(=)

— Switching phenomena (inactive control)
— Delay phenomena

i <
Let the stationary entropy solution y; defined by y; = { lik :i 2 2 i i ‘Z

and u;(t) = y;(0) — Ksign(o(u(t,-))) and ug(t) = yi(L)

Conjecture : For any ug € BV(0, L), there exists a finite time T such that for any t > T, u(t,-) = yi(+)
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Step 1. Using conservation of mass, we have
o(t) = f(u(t,04)) — f(u(t,L-))
Step 2. Assuming that ||d|| is small enough
3Ty > 0 such that u(t,0+) = uy(t) + d(t) and u(t, L—) = ug(t)

Step 3. For every t > T; o is a Filippov solution of
'( ): f(yi(L) — Ksign(o(t)) + d(t)) — F(xi(L))
fo u(T,x)dx

Step 4. For every t > T, the (PDE) is rewritten as a coupled (PDE-ODE)

o(t)y=0(t)=0

ur(t) = yi(0) and ur(t) = yi(L) vt > T,

3T, > T; such that {

= u(t,)=y() V12T
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Deu(t.x) + Of(u(t,x)) = 0, Deult
u(t,0) = y;(0) + sin(t), u(t,0) = SMC + sin(t),
u(t, L) = yi(L), u(t, L) = yi(L),
u(0, x) = up(x), u(0,x) = uo(x),
4 T T T T 4 T T T T
u(T,") SMC P u(T,")
2+ R 2b B
of 1 of l 1
—2 4 ) B
oo 1 15 2 25 3 o5 1 15 2 25 3

z

xr
(=) (=)
Plotting of an approximate solution u(T,-) using an Godunov scheme.
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Conclusion

Summary : three PDEs with boundary disturbances

@ Linear 2*2 hyperbolic systems
@ Non uniforme 2*2 hyperbolic systems
o Scalar conservation laws (work in progress)

Construction of a boundary feedback law which globally stabilizes a stationary solution

The sliding controller is designed to attain a sliding surface in finite time on which

@ the boundary disturbance d(-) is rejected

o the global asymptotic stability is ensured

The sliding surface may be derived from the gradient of a Lyapunov function

Further works : e Generalization to semi-group
@ Systems of conservation laws
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Thank you for your attention
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