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The Landis conjecture on exponential decay

Conjecture (Landis, 1960's)

_ —0inTRN
Ve Lo(RN), { Au+ V(x)u=0in R"Y,

u(x)| < exp(=|x|"*9), e >0,  —UY=0

Example: u(x) = exp(—|x]|) in {|x| > 1}, extended to a smooth positive
function in RV,
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Meshkov's counterexample and optimality

Theorem (Meshkov, 1991)

There exist V € L>°(R?;C) and u € L°°(R?; C) such that
—Au+ V(x)u=0inR?,
|u(x)| < exp(—|x[*7),

u#0.

Theorem (Meshkov, 1991)

—Au+ V(x)u=0in RN,

oo N
Vel (]R )7 { |u(x)| < exp(—|x|4/3+5), >0,

Proof: Carleman estimates. ]
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Landis conjecture for real-valued potentials
Open questions (Kenig, Bourgain, 2005):

o Is the (qualitative) Landis conjecture true for real-valued potentials?
—Au+ V(x)u=0in RN,

u(x)| < exp(—|x["9), e >0,  —U=0

Ve LRV, R), {

e Quantitative Landis conjecture: for |V/| <1 real-valued and |u| < 1 such
that —Au+ Vu =0, |u(0)] = 1, do we have: VR >> 1, V|x| = R,

sup [u(x)| > exp(~Rlog™ (R))?
[x—x0|<1
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Recent results on the Landis conjecture

@ Is the (qualitative) Landis conjecture true for real-valued potentials?

~Au+ V(x)u=0in RV,

lu(x)| < exp(—|x|*T¢), e >0, —u=0

V e L®(RV; R), {
For elliptic operators L:
» Rossi (2020): N =1, or u = u(|x|), or L = L(|x|), or u >0, or A1(£) > 0.
See also Arapostathis, Biswas, Ganguly (2018).
» Sirakov, Souplet (2020), MP for £ and unbounded coefficients.

o Quantitative Landis conjecture: for |V/| <1 real-valued and |u| < 1 such
that —Au+ Vu =0, |u(0)] =1, do we have: VR >> 1, V|x| = R,

sup [u(x)] > exp(~Rlog® (R))?
[x—xo|<1

» Kenig, Silvestre, Wang (2015), V > 0 in the plane R?. See also Davey, Zhu.
» Logunov, Malinnikova, Nadirashvili, Nazarov (2020) in the plane R?.
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Sharp observability estimates for elliptic equations

/ \
AOLS P S /

Theorem

el < exp (CEOQIVIED) llitse) -

@ Sharp for V € L>=(Q; C), Q C R?. Indeed, Meshkov's counterexample:
lerll @) = (1/R?), Vel o) = R% 19R 2 < exp(—=RY3).

e Open question: HVH2/3 — ||V||1/2 for V € L*(Q; R)?
» N=1,
» V constant (Donnelly, Fefferman, 1990)
> 2-D manifolds without boundary (Logunov and al, 2020): HVHix/j2 Iog(HVHi{f).
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Sharp observability estimates for parabolic equations

—0rp—Ap+ V(x)p=0 1in (0,T) x Q,
Let Ve L™(Q), ¢ =0 on (0, T) x 09,
o(T,) =T in Q.

Theorem (Fernandez-Cara, Zuazua, 2000)

-
||so(o,-)||iz(mSC</o ||so(t,-)||22(w)dr), Vor € 12(Q),

1
€= C@nT.V) = oo (C@0) (14 1+ TV +IVIEE) ).

o Duyckaerts, Zhang, Zuazua (2008): \|V||ié3 sharp for o1 € L?(Q;C),
V € L>(Q; C) by using Meshkov's counterexample.
e Open question: ||V« ||V||'/? for o7 € [3(Q;R), V € L>(Q; R)?
» N =1 by transmutation’s method,
» o7 € LX(Q;RT), V € L=(Q;R) (Le Balc’'h, 2020).
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Proof of the Landis conjecture in 1-D (M. Pierre)
—u" + V(x)u=0inR, |u(x)] < exp(—|x|*T¢). Goal: u=0.
By integrating, we easily get
|0/ (x)] < Cexp(—|x["*9).
Let us define ¢ the solution to the Cauchy problem
—¢" + V¢ =sign(u), $(0) =¢'(0) =0.

Gronwall = [¢(x)| + [¢'(x)] < Cexp(C|x]).
Then, by integrating by parts,

/ |u| = / u-sign(u) = /_R u(—¢" + Vo)

R)u(R) + ¢'(=R)u(=R) + ¢(R)u'(R) — ¢(—R)u'(=R)

< exp(R) exp(—R'**).

R—>+oo:>/ luj=0. O
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Question on exponential bounds

Can we extend exponential bounds for solutions to elliptic equations and parabolic
equations in the multi-dimensional case?
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Exponential bounds for solutions of elliptic equations

Theorem (Le Balc’h, 2020)
Let W € L=(;RN), V € L>®(Q;RY) and F € L>(; R). Consider

—Ap+ W -Vo+Vp=F inQ,
¢=0 on 9.

Then there exists an universal positive constant C > 0 depending on N such that

Vx €9, [Vo(x)| < exp <c(1 W + ||vnié3)diam(m> Il -

From maximal regularity in LP, p >> 1, and Sobolev embeddings, 3C > 0,
<|¢|w21p(n) < ClFi=(0) and [¢| w1 () < C|¢|W2»P(Q)) = |¢lwr() < C|F|i=(q)-

Contribution: Give an estimate of the constant C in function of the parameters.
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Exponential bounds for solutions of parabolic equations

Theorem (Le Balc’'h, 2020)

Let W € L®(Q;RN), V € L®(R), F € L°(Q1;R) and ¢g € Wy ™(Q).
Consider

p=0 on (0, T) x 09,
#(0, ) = ¢o in Q.

Then there exists an universal positive constant C > 0 depending on N such that

{ 8:p— Ddp+ W -Vé+Ve=F in(0,T)xQ,

VOl oo (0, 750 ()

< exp (c (TIVIo+ (1 +IWI + [ VIE?) diam(e) ) (nwoum + ||F||oo)

v
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Proof for V =0, Q = Bg(0)
—Ap+ W -Vop=F in Q,
¢»=0 on 0Q.
Goal: Vx € Q, |Vo(x)| < eC(|W|°°+1)R|F|OO,
Andrews, Clutterbuck’s argument:

V06 y) €QxQ, Z(xy) == 6(y) — d(x) — 20 (“’;‘) ’

where 6 is the solution to

et LR i 0450,
9(0) = 07 91(0) =\ = eC(‘W|OO+1)R|F|oo~

If we prove that

then
Vx € Q, [Vo(x)| < 0'(0) < eCUWI=IRIF| . [
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A6+ W-Vo=F inQ, 0" = (|Wls +1)0 +2|Flos in (0, +00),
=0 on 0. 6(0) =0, ¢(0) = A\

Z(x,y) = o(y) — o(x) — 20 ('y 5 |> . Goal: Z(x,y) <0.
Z(x0,¥0) = max _Z(x,y).
(x,y)EQXQ

If xo = yo then Z(x,y) < Z(x0, %) = 0.
If xg # yo and xg € 9Q or yg € 0 then ... Contradiction.
Assume that xp # yo, and xo, yo € . Choose an orthonormal basis (e;)1<i<ny with
ey = by/g f’l and write optimality conditions
VZ(x0,y0) = 0= (Vo(yo) = 0'en, Vo(xo) = 0'en),
2

ds?
2

ds?
We sum: 0> Ag(yo) — Ad(x) — 26"
> —2|W|sb — 2|F|oo + 2((|W|s + 1)0" 4 2|F|s) > 0. Contradiction.
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Z(xo + sen, Yo — sen)|s—0 < 0 < InOng(yo) — OnOng(x0) — 20" <0,

Z(xo + sei, o +se,)|s 0 <0& 0;0i0(y0) — 0i0ip(x0) <0, (i=1,...,n—1).



Reduction of the case V > 0 to the case V =0
Lemma
Let W € L>=(Bg(0); RN) and V € L>=(Bg(0); R"). Then there exists 1 satisfying

_AG+ WV + Vi = 0 in Br(0),
exp(—CR(|W /s + [V[Y?)) < ¢ < exp(CR(|W | + VX)) in Br(0),
IV 108(#) ] 1= (o)) < C(L+ [Wloo + [VIE).

NG+ W-Vé+ Vé=F,
= { CAOF WV =F inQ, W WV leg(v), Fo L

6=0 on 99, b

Vx € Q, |Vo(x)| < exp (c(1 n H/V\VHLN)R> H?HLM (V =0)

V90| < exp (C(1+ Wil + IVIEE)R) [1Fll e - O
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Existence of a positive multiplier for 2 = Bg(0)

Find % > 0 such that
— A+ W - Vip+ Vip = 0 in Byg(0). (*)
First, find 11 subsolution to (*) and v, supersolution to (*), with
da(x) = exp(IWIl. + IVIZ2)) < exp@RAIWI . + [ VI2)) = tha(x),
So, 3¢ solution to (*) and
1(x) < 9(x) < ¢ha(x),

= exp(— CR(IW o + [V[Y?)) < ¢ < exp(CR(IW | + [V[1L7)).

Interior regularity estimates and Harnack’s inequalities give

1V 10g() | (Begopy < C(1+ | Wlae +[VIEZ). O
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Application of gradient estimates
Proposition (Le Balc'h, 2020)

Let W € L=(RN;RN), V € L>(RN;R*) and u be such that
Lu:=-Au—V-(Wu)+Wu=0 inR".
Then there exists a universal positive constant C > 0 such that

R2L [ Julde < e (c(1+||vv||w+||vniéo)R) [ e
|x|<R R

<|x|<2R
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Proof:
Lu:=—Au—V-(Wu)+Vu=0 inRN.
Take

L ¢ = —Apg+ W - Vegr + Vor = sign(u) in Bor(0),
b= on |x| =2R.

We have
VIx| < 2R, [Vor(x)| < exp ( (1 W] + ||V||1/2) >

Let x be such that xy =1 in Bg(0) and x = 0 for |x| > (3/2)R. We have

<|x|<2R

/ |u(x)|dxsexp( (14 IWlew + IVIE2) )/ u(0ldx. O
[x|<R R<|x|<2R

[ Xulde < CUWlo + V1) Wl =iy [ 1o
[x|<R R
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Another bound

Proposition (Le Balc'h, 2020)

Let W € L=(RN;RN), V € L=(RN;R*) and u be such that
Lu:=-Au—V-(Wu)+Wu=0 inR".

Then there exists a universal positive constant C > 0 such that

VR > 1, /|x|<R bl < o <C(1 . )R) /MR \u(0)|do.
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Conclusion and perspectives

What we have seen?
e Landis conjecture for V € L=*(RN; R),
(- Au+ V(x)u=0in RV, |u(x)| < exp(—|x|1+€)) — u=0.

@ Sharp observability estimates: ||<,0||L2 < exp( (Q w)||V||1/2) ||<p\|f2(w).

@ Proof of Landis conjecture in 1-D, based on duality and exponential bounds,

o IV(x)| < exp (C(1+ W + [ V(12 diam(R)) [IF] .

o fiyjer lu(x)lax < exp (C(1+ Wil + IVIEZ Y R) fr iy o [u(x)] 0.
Perspectives for gradient estimates:

@ Other boundary conditions,

o W(t,x), V(t,x) for parabolic equations,

@ optimality of the constants in function of V,

e more general V € L°(RN;R) for elliptic equations?
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