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Closed loop optimal control

_ 2
{uzf;'e“u )= [ ) + Fuce e
subject to  y(t) = f(y(t))+ Bu(t), y(0)=x
£(0) =f(0) =0, optimal value function

V(x) = umienUJ(u(-),x)

Hamilton-Jacobi-Bellman equation

min{VV/(x) (f(x)+Bu)+£(x)+%|u|2}:O, V(0) =0,

if U = linear space,
v(x) = —2BTVV(x),
v
then i
VV(x) f(x) — QV V(x) " BBTVV/(x)+ £(x) =



Closed loop optimal control

J(u oy 2 gt
u{n)lenu f |u(t)]

subject to  y(t) = f( (t)) — i BBTVV(y(t)), y(0) = x

£(0) = f(0) =0, optimal value function

V(x) = umienUJ(u(),x)

Hamilton-Jacobi-Bellman equation

min{VV/(x) (f(X)+Bu)+Z(X)+%|u|2}:O, V(0)=0,

if U = linear space,
v(x) = —2BTVV(x),
’Y

then
VV(x) f(x) - %v V(x)'BBTVV(x)+£(x) =0.



Closed loop optimal control

L, J(u(-),x) = bfﬁ(y(f)) + 3|u(t)|? dt

subject to  y(t) = f(y(t)) — }/BBTVV(y(t)) . y(0)=x
£(0) = f(0) =0, optimal value function
V(x):= min J(u("),x)

u(-)eyu

Hamilton-Jacobi-Bellman equation

min{VV(x)" (F(x) + Bu) + £(x) + %|u|2} =0, V(0)

Il
o

if U = linear space, and f(y) = Ay, {(y) = 3|y|?
bt (x) = —%BTVV(x),

then
NMA+A M—~"'NBB'M+D'D=0



Before we start

IS HJB WORTH THE EFFORT 7

compare Riccati — and if yes, how to get it ?

VVvVvvyVvYvVvyVvYVYyy

solve it directly (curse of dimensionality)
solve using tensor calculus (TT-rank)
Training neural networks

Taylor expansion

interpolate from open loop data

Hopf formulas

max-plus algebra techniques
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Chapter 0: Worthwhile — Yes

Optimal HJB-based feedback stabilization of the Newell-Whitehead
equation

Ve = vBy + y(1 - y?) + xu(u(t) in (=1,1) x (0, ).
yx(=1,t) = y(1,t) =0 for t >0,

)/(Xﬂ O) :yO(X) in (_171)7

Note: 0 is unstable, +1 are stable equilibria

describes excitable systems such as neurons or axons, relates to Schlogel model,

describing Rayleigh-Benard convection.



Newell-Whitehead Equation d = 40
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Chapter 1: Towards neural network based optimal
feedback control

1 oo
inf = Dy(t)|? £)|?) dt
(P{O) yGWoo,IunEL2(l;Rm)2/0 (| y(6)1" + y]u(t)] )

y =f(y)+ Bu, y(0)= yo,

where

Wy = {y € [?(0,00;R") | y € L?(0,00;R")}, B € R™™.

our interest: optimal feedback stabilization
u(t) = F*(y*(t)) = =3 BTV V(y*(1))
for all yp in a compact set Yy C R” containing 0.

assume: supy ey, |ly*(vo)llw. < Mo



The learning problem

min J(y. F) = L / T (DY + 1 F )P dt

FeH 2 0
(P}/o) yEW‘X’

d
= f(y)+ BF(y), y(0)=yo,
where

H = {F(y)(t) = F(y(t)) : F € Lip (Bam,(0): R™) , F(0)=0}.

Yes, but ....
Bellman principle implies learn along: S = {y(t) : t € (0,00)}. Thus

m|n —ZJ

FeH, y yo EWoo

s.t. y(yo)—f(( §)) + BF(y(%)), y(0) =y,



The learning problem

FeEH,
yELEO(Yo; Woc)

min (. F) = /y Jy(50)F(y(x0))) duxo).

& y(0) = Fly(0)) + BF(y(0)). for praeyo € Yo,

L IVl (vowa) < Mo
where (Y0, A, 11) is a complete probability space.

Proposition

(P) admits a solution and we have equivalence to ji-a.e. solutions
of (Po) on Yp.



Recap on neural networks

fio(x) = o(Wix + by) VxeRN-1 =1 L—1
fLo(x) = Wix + br Vx € RN

o € CYR,R) activation function

0 =Wy, by,...,W, bp)

R =0, (RN"XN"*I x RN"> 7
which is uniquely determined by its architecture

arch(R) = (No, Ny, ..., N;) € NEHL

fL,e o fL-l,@ ©:--0 fl,e(X)

Fo(x) =flgofi_190-ofig(x)—frgofi_190 - 0f4(0) VxeR"



Approximation by neural networks

Theorem

Let n1 > 0,m2 > 0, and assume that the activation function o is
not a polynomial. Then for each € > 0 there

exist L. € N, arch(R.) € Nt<*1 and a neural network

0 = (WL, bi,...,W[ b ) € R.
such that |Wslleo < m, |bfloc < mo, i=1,..., L., as well as
[F*(x) = Fo.(x)| + [DF*(x) = DFg.(x)]| <€

for all |x| < 2My.

Thus, approximate F by Fy_ !



Approximation by neural networks:cont

Theorem
Under appropriate stabilizability conditions on the linearized control
system, there exist €1 > 0, ¢ such that for e € (0,¢1), yo € Yo

YE - f(}/e) + BFQG(Ye)a }/6(0) = )0,

admits a unique solution y. = y.(yo) € Yad4 and

ly*(v0) = y=(y0)llwe, < ce.

Moreover y. € LZO(Y(); Woo) with HyEHLfﬁ(Yo;Woo) < 2Mj.



Optimal neural network feedback law

min  j(y, Fo) + Gr.(0)
QERad.s
yeL? (Yo Woo)
(Pr.) d
pe y(y0) = f(y(y0)) + BFo(y(y)), for p-a.e.yo € Yo,

Y1l Lo (vor W) < 2Mo

ad,e :{ez(Wlabla () WLg7bLg) : || Wl”oo Snly‘bi|oo §n27i:13 () LE}CRE

Le
Gr.(0) = Irpe(0) + o S WA

Theorem
There exists €1 > 0 such that (Pr_) admits a global minimizer
(0%,¥%) € Rade x L7 (Yo; We) for every 0 < e <ey.



Convergence

Theorem

g
If 0< ar,. < Tl
23, [IWE12

0 < e <ey, then
for some constant ¢ > 0 independent of . In particular

J(yos, For) = j(y*, F*) ase = 0.

Theorem
Each weak accumulation point (y,u) of { (yex, Fo:(yer)) } in
L3 (Yo; Woo) x L (Yoi L2(1;R™)) fulfills ||| 120 (vp:we) < 2My, and

Y(y0) = f(¥(30)) + Bii(xo), 5(30)(0) = yo,
(¥(v0), u(y0)) € argmin (P3°)

for u-a.e. yo € Yo. If D > 0 the convergence is strong.



Numerical realization

> Replace infinite time horizon by T > 0 sufficiently large.
» Fix L. =8, N; = 2 and o(x) = max{|x|%!x,0}.
» Add residual connections:

fio(x) = o(Wix + bj) + x

» Assumption: Constraints are inactive, «. = 0.



First example: LC-circuit

01 -1 0
y= -10 o ]y+[1]u

10 0 0 L
y(0) = yo,

2 inductors, 1 capacitor,
control voltage u, LCocircuit

y = (¢1a ¢2a Q)t

magnetic fluxes, charge,

combined magnetic and
electric energy % ly(t)]%.



Compare: Riccati vs. NN

Optimal state Feedback control

Results for yp = (-1, 2,1)*.




NN optimal feedback control for a Van der Pol oscillator

Consider

d? 3 )
@)@5( —y) Y y+y*+u

» Finite set of training initial conditions

{yo}Por = {£(1,0),£(0,1),(6,4) }, p= Z%

i=1



Comparison for Van der Pol

10

o= Training set
o~ Validation set
— Orbit

e

20

-5 -0 -5 0 5 10 15 0

PSE feedback

H-12-10 8 6 4 2 0 2 4 6 8 10 12 14
n

LQR feedback

—e= Training set

Neural network feedback



Viscous Burgers equation

V2(x) = cos(2mx)cos(mx) + 1.5

Vi(x) = cos(2mx)cos(mx) + 0.5
F Ryl IFWI2  J, FW)  NQvlle  [1FWIe Iy, F(y))
uncont. oo™* 0 +o00* oo* 0 oo*
LQR 1.0 5.28 1.9 00 00 00
PSE 1.38 4.56 1.99 0o 00 0o
NN 1.12 4.86 1.81 2.34 11.6 9.47
V3(x) = —2sign(x) Vg(x) = 2.5(x — 1)2(x + 1)?
F Ryl IFWI2  J, F)  NQylle  IFWIe Iy, F(y)
uncont. oo™ 0 oo™ oo* 0 oo*
LQR 2.6 5.5 5.08 1.85 13.1 10.3
PSE 3.49 7.04 8.57 %) o0 00
NN 2.5 1.36 3.23 1.93 11.9 8.94

spectral approximation by 14 dimensional ODE



Chaper 2: Structure exploiting policy iteration

VV(x)"f(x) - ;Yv V(x)" BBTVV(x)+£(x) =0.

* __lT XT
() = —BTVV(9".

» Solving nonlinear HJB: policy iteration (Howard's alg.),
Newton method, Newton-Kleinman iteration for Riccati
equations.




Successive Approximation Algorithm

Data: Initialization:tol, stabilizing control u°(x)
while residue > tol do
1. Solve for V™*1(x)

(F(x) + Bu") TV V™1 () + €(x) + ;y\u"(x)||2 0.

2. Update u™!(x) = =2 BTVV"(x).
3. n=n+1

end
Result: V*(x), u*(x)

» u°%(x) must be asymptotically stabilizing or

> discounting




Two 'infinities’: the dynamical system

Meshfree discretization of dynamical system, e.g. pseudo-spectral
collocation based on Chebysheff polynomials

> The state x(t) = (x1(£),. .., xq(t))t € RY.
)

» The free dynamics f(x R — R9 are C! and separable

in every coordinate f;(x)

j=1k

I,Jk

||':]Q

where F(x) : RY — R9*Nrxd is 3 tensor-valued function.




Galerkin Approximation of the GHJB Equation

» Given u"(x), solve linear Generalized HJB equation

() + Bu") TV(x) +£0) + 5[ = 0.

> With {¢;(x)}72; a complete set of d-dimensional
polynomial basis functions, we approximate
N
V(x) =) ¢ei(x)

=

» u" (n > 0) is expressed in the form

7
» Every term expanded — dense linear system for V"™+1(x)
A(c")c™t = b(c").

N
u"(x) = — L BTYVA(x) = —iBT 3 (%)
=il




The Ingredients of Policy lteration

> Meshfree | eg pseudo-spectral collocation based on
Chebysheff polynomials

> separability of f

» Galerkin approximation of GHJB using globally supported
polynomials (monomials, Legendre, ...)

» high dimensional integrals: exploit separable structure:

bj(x H<pj Xi) (... linear system of order N9!)

» compressed Tensor-Train decomposition, needs N d r?
7
unknowns. re (/og%)i

» linear systems solved by Alternating Linear Scheme (preserves
TT structure)



Newell-Whitehead Equation d = 40
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tensor train computations with S.Dolgov and D.Kalise



Comments on performance

150

100

50

—e— #iterations
—s—max. TT rank

107t F

10

—o— Jd — Tea
__ error ~ d723
time ~ d*

Ll
10t

CPU time (min.)

Legendre polynomials of maximal individual degree 4

Newell-Whitehead with Q ¢ R?: we used d=121.



Chapter 3: Fokker-Planck equation

Confining potential W(x)

40

-6 -4 -2 0 2
1D Fokker-Planck equation



Chapter 3: Fokker-Planck equation

Stationary distribution pe,(x)

1D Fokker-Planck equation



The Fokker-Planck equation

Consider probability distribution function
p(x, t)dx = P[X; € [x,x + dx)]
Fokker-Planck equation

Z[t) =vAp+ V- (pVW) in Q x (0,00),

0=wWVp+pVW)-n onTl x(0,00),
p(x,0) = po(x) in Q,

» Q C R"” bounded open set with boundary I = 01,
> po initial probability distribution with [ po(x)dx = 1.



Control of the Fokker-Planck equation

% =vAp+ V- (pVV) in Q x (0, 00),

0=wVp+pVV)-a onl x(0,00),
p(x,0) = po(x) in Q,

» control the potential V/(x,t) = W(x) + a(x)u(t)

)
> system converges to stationary distribution poo(x), (Boltzmann
distribution)

» particles have to cross energy barrier between potential wells,
~» may be inadequately slow, ~ exp(AW /v)

» what are “good” choices for a?

Shifted state y := p — poo
{ y(t) = Ay(t) + u(t)Ny(t) + Bu(t),
¥(0) = po— poo;

Ay =vAy +V - (yVW), Ny=V-(yVa), Bu=uV-(pVa)



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 0.

0.2

0.1

6 4 =2 0 2 4
Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 2.
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Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 4.
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Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 6.

6 -4 -2 0 2 4 6

Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 8.
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Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 10.

6 -4 -2 0 2 4 6

Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 12.
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Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 14.

6 -4 -2 0 2 4 6

Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 16.

6 -4 -2 0 2 4 6

Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 18.

6 -4 -2 0 2 4 6

Fokker-Planck, n = 1024, r = 10,y = 107>.



Back to the 1D Fokker-Planck equation

(Un)controlled solution at t = 20.

6 -4 -2 0 2 4 6

Fokker-Planck, n = 1024, r = 10,y = 107>.



Optimal Feedback for Bilinear Control Problem

Consider a bilinear control system

x(t) = Ax(t) + Nx(t)u(t) + Bu(t), x(0) = xo,
y(t) = Cx(t),

> ANecRI> BeRY,

» control u: [0,00) — R and

» output y: [0,00) — RP of the system,
> (A, B) stabilizable.

minimal value functional

V(xo) = inf 1/ Hx(t)H2dt+7/ u(t)zdt.
2 Jo 2 Jo

u€elL?(0,00)



The Hamilton-Jacobi-Bellman equation

1
min | (Ax + (Nx + B)u) WV (x) + S IxI + gu2 —0, V(0)=0.

Minimization yields Hamilton-Jacobi-Bellman (HJB) equation

xTATYV(x) + 5 2 - 217((/vx + B)TVV())? =0, V(0) = 0.

Optimal feedback law via solving HJB equation

ope () = —fly(Nx +B)TYV(x).



Taylor expansions — basic idea

Assume that V can be expanded around 0 as follows

1 1
V(x) = V(0) 4+ DV(0)(x) + = D?*V(0)(x, x) + — D*V(0)(x,x,x) + ...
cR cRd €Rdxd €Rdxdxd



Taylor expansions — basic idea

Assume that V can be expanded around 0 as follows

1 1
V(x) = V(0) 4+ DV(0)(x) + = D?*V(0)(x, x) + — D*V(0)(x,x,x) + ...
cR cRd €Rdxd €Rdxdxd

Feedback law can be determined via

1 1
u = fykZ_z(k—l)lD V(O)(NX+B,X,,X)

Finite-dimensional case: [ALBREKHT, LUKES, CEBUHAR/ COSTANZA,
KRENER]

Infinite-dimensional case: [THEVENET/BUCHOT/RAYMOND]



Taylor expansions — basic idea

Assume that V can be expanded around 0 as follows

V(x) = V(0) + DV(0)(x) + 2 DAV(0)(x,x) + = D*V(0)(x, x,x) + ...
— —— 2 — h——

cR ERd eRdxd eRdxdxd

Feedback law can be determined via

1 1
u = fykZ_z(k—l)lD V(O)(NX+B,X,,X)

Finite-dimensional case: [ALBREKHT, LUKES, CEBUHAR/ COSTANZA,
KRENER]
Infinite-dimensional case: [THEVENET/BUCHOT/RAYMOND]

Question: Precise structure of D¥V(0)?



Taylor expansions — Differentiating HJB

Let us return to

1
XTATIV(x) + Sl = o (N + B) V() =0,



Taylor expansions — Differentiating HJB
Let us return to
xTATVV(x) + %||x||2 - %((NX + B)TVV(x))? =0,

= one differentiation in direction z; € R yields
D?V(x)(Ax, z1) + DV(x)Az + (x, z1)
1
— = (D*V(x)(Nx + B, 1) + DV(x)Nz;) (DV(x)(Nx + B)) = 0.



Taylor expansions — Differentiating HJB

Let us return to
1 1
*TATIV() + 5|2 = - (N + B) VW () =0,

= two differentiations in directions z;, z, € RY yield

D3V(x)(Ax, z1, ) + D*V(x)(Az, z1) + D*V(x)(Az1, 22) + (21, 2)
1

~
Y

<D2V(x)(/vx +B,z)+ DV(X)N21>~
<D2V(x)(/\/x +B,2)+ DV(X)NZQ)
- %<D3V(x)(Nx + B, 21, 2) + DV(x)(Nz2, 1) + D*V(x)(Nzy, ZQ))

(DV(X)(NX + B)) —0.



Taylor expansions — Differentiating HJB
Let us return to
XTATYV(x) + SN2 = o (N + B) VV(x))? =0,

= two differentiations in directions z;, z, € RY yield

DV(0HAG 7, 22) + D*V(0)(Az, 21) + D?V(0)(Az1, 22) + (1, )

- %(DW(O)(MJF B.z)+ 21>~
<D2V(O)(M+ B,2) + zz)
- %(DW(O)(M + B, 21, 2) + D*V(0)(Nz», 1) + D*V(0)(Nz, 22))

(Dvioyne==E)) =o.

This is the Riccati equation...



Taylor expansions — Differentiating HJB
Let us return to
XTATYV(x) + SN2 = o (N + B) VV(x))? =0,

= three differentiations in directions z, z, z3 € R? yield

DEIV(O)(AZ37 zy, 22) + D3V(0)(A22, zy, 23) + D3V(0)(A21, 22, 23)

- (D*V(0)(B, 21, 23) + D*V(0)(Nzs, z1) + D2V(O)(Nzl,23)> <D2V(0)(B, 22))

- (D*V(0)(B, 22,3) + D*V(0)(Nizs, 22) + DQV(O)(N22.Z3)> <D2V(0)(B, 21))

R R R= 2=
/N N N

D*V(0)(B, z1, z2) + D*V(0)(Nz2, z1) + DQV(O)(NZI.ZQ» (DQV(O)(B. 23))

I
©



Taylor expansions — Differentiating HJB
Let us return to
XTATIV(x) + Sl = o (N + B) V() =0,

= three differentiations in directions z, z, z3 € R? yield

DEIV(O)(AZ37 zy, 22) + D3V(0)(A22, zy, 23) + D3V(O)(A21, 22, 23)

D*V(0)(B, 1, ;) + D*V(0)(Nzs, z1) + D*V(0)(Nz, 23)) (D2V(O)(B, 22))

D*V(0)(B, 22, 3) + D*V(0)(Nzs, z2) + D*V(0)(Nzz, 23)) <D2V(0)(B. 21))

S R e

/N N N

D*V(0)(B, z1, 22) + D*V(0)(Nz, z1) + D*V(0)(Nz, 22)) <D2V(0)(B. 23))

® Looks complicated ~ © Linear in D3V(0)



The general structure

Define Ap = A — }/BB*I’I. For k >3 and zi,...,z. € R? consider

k

1
E DkV(O)(Zl,...,Z,',l,AnZ,'7Z,'+1,...,Zk):ZRk(Zl,...,Zk) (>l<)7
i=1

where Ry(z1, ..., zx) is given by:

Ri(z1, -, 2k) = 2k(k — 1)Symy ;1 (C1(21)Gk—1(22, - -, 2k))
k

-2
+ <ll(> Symhk_,- ((C,’(Zl, cee 7Z,') + ig,-(zl, N 7Z,'))
=2

X (Ch—i(Zit1y - -y 2k) + (k — )Gr—i(Zit1, - - - 7zk))>7

where: )
C,’(Zl7 ceny Z,') = Dl+1V(0)(B, ZYyeeey Z,')

1
Gi(z1, ..y 2i) = R [Z D'V(0)(z, ..., zi—1, Nzj, zj11, ...,z,-)}.
j=1



A suboptimal feedback law

Consider now the polynomial feedback law

Y

k=

VO)Ny +B,y,...,y)

N

and the corresponding (nonlinear) closed-loop system

(CL) y=Ay — (Ny+ B)up(y), y(0)= yo.

Local suboptimality
There exists a constant C3 > 0, G4 such that: if ||yo||x < G,

> V(o) = Va(y)l < Clivoll3
> 17(a, y0) — y(up, yo)llw(o,00) < Callyollk

> 7= tpllwio.) < Gallyollx



Tensor calculus

Main numerical task:

K
Solve <Z o Al ® /i_1> Tk = Ri(T2,..., Ti—1) .

i=1 ? low rank ?

A

A ~ dk x d* matrix — rk x rk

o o0 k
Since A is stable: A™1 = —/ eth dt = —/ ®etA; dt.
0 0 =1

Approximate by quadrature formula
[GRASEDYCK,HACKBUSCH,STENGER]

r k
_ AT
Al Y w @ e

j=—r =1

matrix, by balanced truncation.

with suitable quadrature weights w; and points t;.
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Comparison of control laws u(t)

Optimal (open loop)
2nd order Taylor exp. (Riccati)
3rd order Taylor exp.

7th order Taylor exp.

1D Fokker-Planck equation




In place of a table of content, a summary

» HJB equation

» Curse of dimensionality

» Train a neural network to approximate the feedback function

P Policy iteration, exploit separable structure, and tensor
calculus

» Taylor expansion, model reduction, and tensor calculus



THE END

THANKS FOR ATTENDING



