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Computational optimization and control design goals

minimize  J (y,u) ® Optimal Control
uieu ® Inverse Problems
subjectto &y (1) = F(y.u), ® Differential Games
y(0) =x, y()eY .

Reinforcement Learning

Aim: developing model and data-driven computational optimization methods for controlling nonlinear
multiscale dynamics guaranteeing robustness, real-time computability, and sparse control action.
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The Hamilton-Jacobi-Bellman PDE in Control

Infinite horizon optimal control:

[

minimize 7 (u();x) = / e (e(y(t) + u(D)13) dt, A= 0,

0
subject to y (1) = f(y (1)) + gly()u(),
y(0)=x e Q cRY.

Dynamic Programming (Bellman 1950s): the value function

V(x) = u(i.r)wiwj(U;X), U = L7([0,+0); V),

satisfies the Hamilton-Jacobi-Bellman equation

AV(X) + SUB [—(f(x) +g(x)u)'VV(x) — £(x) - ||u||f€] =0. (HJB)

The optimal control is a feedback map: u*(x(t)) := argmin [(f(x) +g(x)u)TVV(x) + £(x) + ”“”H
uel



The Hamilton-Jacobi-Bellman PDE in control

AV(X) + sup [—(f(x) +g(x)u)TVV(x) - £(x) — ||u||fe] =0, inR? (HJB)
uel

¢ Fully nonlinear PDE (optimization over U) in non-divergence form, viscosity solutions.
* Globally optimal feedback map: u*(x) = K(x). Suitable for real-time control.
¢ Several important HJB PDEs: Eikonal, Isaacs and Mean Field Control & Games.

® Curse of dimensionality: d—dimensional HJB PDE, d depends on the state space of x = f(x, u).
Arguably the most challenging computational problem in modern optimal control!

® Optimal feedback stabilization of nonlinear PDEs = oo-dimensional HJB (Crandall-Lions 85’).

iZ(Q) + Y||u||2

® Viscous Burgers: dry(&,t) = vAy (& t) —y(& t) - Vy(& t) + 1, (E)u(t)
* Allen-Cahn: dry(£, 1) = vAy (&, 1) + y(& 1) — y (& 1)* + I, () u(t)
® Fokker-Planck: oty (&, t) = vAy(&t) + V - (y(& HV(G(E) + a(&)u(t)))

® Running cost: £(y,u) := |y — y||



Taming the Curse of Dimensionality

* d—dimensional state space= HJB in RY approximated with a tensorial grid: N¢ degrees of
freedom.

* Numerical PDEs for physical space problems d < 3 + 1: high-order methods, DD, adaptivity.
® For d < 8: sparse grids (Bokanowski et al. 13’, Kang and Wilcox 15°, Garcke and Kréner 17°).
* Max-plus algebra (McEneaney 06’, Akian-Gaubert-Lakhoua 08’).

® Representation formulas (Osher-Darbon 16’, Yegorov-Dower 17°).

® Tensor decompositions for HJB (Horowitz et al. 14’, Oster et al. 19°, Dolgov et al. 19°).

® High-dimensional HJB and Machine Learning:
® Reinforcement Learning (Bertsekas Neuro-Dynamic Programming in the 90’s),
® Deep BSDE solver (E-Han-Jentzen 17°) -stochastic control-,
® Deep Galerkin Method (Sirignano-Spiliopoulos 18’) -stochastic control-,
® Deep neural networks + supervised learning (Nakamura-Zimmerer et al. 19°) - deterministic-.
® DNN for computing Lyapunov Functions (Gruene 20’).



Scientific Computation Methods for
High-dimensional HJB PDEs

D.K. and K. Kunisch, Polynomial approximation of high-dimensional HJB equations and applications
to feedback control of parabolic PDEs, SIAM J. Sci. Comput., 2018.

S. Dolgov, D.K. and K. Kunisch, Tensor Decompositions Methods for High-dimensional
Hamilton-Jacobi-Bellman Equations, arXiv:1908.01533, to appear in SIAM J. Sci. Comput.

S. Dolgov, D.K. Overcoming the curse of dimensionality in dynamic programming by tensor
decompositions, EPSRC New Horizons Award, 2021-2023.



Solving the Hamilton-Jacobi-Bellman PDE

AV (x) = min [(F(x) +g()w)TVV () + €00 + [Julz] =0, in R’ (HJB)
Solving the unconstrained case (U = R™) leads to u*(x) = —~2R"'g"VV(x), and to

“AV(x) + () TVV(x) +£(x) - ;‘VVT(x)g(x) R'gT(x)VV(x) = 0.

Iterative methods: policy iteration, Newton’s method, Newton-Kleinman for Riccati equations.

Succesive Approximation Algorithm (Continuous HJB), 1 =0

1 Input: tol > 0, stabilizing control u®(x)
2 while || VK = VK| > tol do
3 31  Solve for VK'(x) (policy evaluation):

(f(x) + g(x)u)TVVET (x) + £(x) + lu* (0)]|2 = 0.

32 Update policy u**'(x) = —1R g™ (x) VV¥*1(x).
4: end while




The Successive Approximation Algorithm

Theorem (Lee and Saridis 79°, Beard 95°)

Assume:

A1 The dynamics f : RY — R? and g : R™™ — R™ are Lipschitz continuous on a set Q > B(0),

£(0) = 0.

A.2 The costt : RY — R is a positive defininte, monotonically increasing function on Q, R is a symmetric
and positive definite matrix, |lul|% = u™ Ru.

A3 The initial control u®(x) is admissible with respect to £ on Q, that is:
i) uisC' onQ andu®(0) =0,

i)y u® and asymptotically stabilizes (f, g) on Q andf t(op(t)) + ||u(g15(l‘))||fQ dt < 0.
0
Then the Successive Approximation Algorithm converges to the solution of the Generalized HJB PDE

(f() +g(Ou) TV (x) +£(x) + [lu’ (03 = 0.

C. Lee and G. N. Saridis. An Approximation Theory of Optimal Control for Trainable Manipulators, IEEE Trans. Syst. Man Cybern., 1979.



Scaling to higher dimensions with tensor decompositions
Solving the linear high-dimensional Generalized HJB PDE
(FO0) + 80U () TDVF(x) +£0x) + yllu* I3 (%) = 0.
® Tensor FEM/FD discretization: quickly intractable for d > 3 + 1.
® Polynomial basis with total degree: mitigates curse of dimensionality for d < 15 and n < 6.

* Higher-dimensional linear PDEs can be solved through tensor decompositions.

® Tensorised Legendre polynomials of maximal individual degree n — 1,

V, =span{<I)i(x) =i (x1) - Pi,(xq), k=0,...,n=1, k= 1,...,d}

®i, (xi) : univariate Legendre polynomials of degree iy, i = (i1, ..., ig).
n—1
VOt ox) % Y V0t jd) @y (),
J150jd=0

® Accuracy: univariate polynomial approximation. V(x) € CP(Q) = error decays as O(n").
* Difficulty: back again to n? DoF for a linear problem.



The Tensor Train format (Oseledets 2011)

105--1d

Vit ig) V(i) = D Vgl (Vi () -+ VED o, (ia).




The Tensor Train format (Oseledets 2011)

1ose.es rd
. . . . 1 2
v(it, ..., ig) = v(iy,...,0q) = Z Véo)m(h)ng?az(’z) vad 1ad(’d)
ag,...,0g=1

e v(K are 3-dim. tensors (TT blocks). ry,...,rq: TT ranks.

® rp=r =---=rqy=1= complete separation.

e Total DoF: dnr?. Need to adjust n and r for efficiency.

® Solving a linear system is replaced by Alternating Least Squares (Holtz et al. SISC 12°).

* Theoretical analysis with TT for functions (Oseledets SISC 13°, Gorodetsky et al. CMAME 19°):

VOO = V) = D Ve (50) - Vi, (xa) .



Computing TT rank bounds in the linear-quadratic case

Theorem. Let £(y) = |ly||%, y(t) = Ay(t) + Bu with (A, B) stabilizable. Assuming that:

* The solution IT € R of the Riccati equation ATII + ITA — %HBBTH + Q =0, is such that the
closed-loop eigenvalues of A, = A — %BBTH satisfy A(Az) € [Amins Amax] @ 1[— 1], Amax < 0.

® The ranks of the off-diagonal blocks of A are bounded by a constant, rank A(k+1:d, 1: k) <M
forallk=1,...,d — 1, and rank(B) < ry.

Then, for any ¢ € (0, 1) the value function V(x) = x"IIx admits a TT approximation V(x) with TT ranks

7/2
1
ry < min ((M+ rp) (Iog -+ C) , min(k,d - k)) +2, and theerror max |V(x) = V(x)| < ¢
£

xe[-aald

AR AP
for C=Cy+ | [ +2 log [Mm'—"iuwl , with Cy independent of d, &, M, rp, ¥, 11, Amins Amax-

If the second bound r; = min(k, d — k) + 2 is attained for all k, the TT decomposition V is exact.

S. Dolgov, D.K. and K. Kunisch, Tensor Decomposition Methods for High-dimensional Hamilton-Jacobi-Bellman Equations, arXiv:1908.01533, 2019.



Feedback stabilization of the Allen-Cahn PDE

Xe(&1) = Xee (£ + X(E8) = X(E ) + L, (§)u(1),

Xe(=1,8) = Xe(1,6) = 0.

® Up to d = 40 collocation points for the e Computed in under 1hr for d = 40.
Allen-Cahn PDE. * Significant differences w.r.t. low-dimensional
® HJB collocation with degree 5 per dimension. feedbacks laws.
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Enforcing control constraints through penalties
u
* Replacing [|ul|% by 2y [ P~ () dp, with P(x) = Umax - tanh(x/umax) to enforce box constraints.
0

* Policy update is replaced by v*(x) = —P (%g(x)TDV(x)).

10° 0
—e— CPU time, min.
—s—max. TT rank (u)
! ~0.5
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L
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Feedback stabilization of the 2D Allen-Cahn equation
Xe(£,1) = AX(E 1) + X(&0) = X(& 1) + L (D u(D)

* System dynamics: pseudospectral collocation e Neumann b.c.’s, bistable dynamics (X = +1).
in space, over 100 DoFs for HJB synthesis. Linear feedback fails to stabilize to X = 0.

—e— CPU time, min.
—a— max. TT rank )
.- O(Vd)
1 LQR
0
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Accelerating convergence in the Fokker-Planck equation

X(& 1) = V(9§§X + ag(Xaérc) + uag(XagH), EeqQ,
0= [3§X+X3§(G+ uH)] |§€aQ

® Dynamics converge very slowly to X (£). e Bilinear control structure.
[—=e0
)
0.6
0.4
0.2 s R
% '0" —e— CPU time, min.
T —=— max. TT rank
ol o)
—6 —4 -2 0 4 6 8§ 10 12 14 16 18 20 0 2 4 6 8




Towards a Data-driven Synthesis
of Optimal Feedback Laws

B. Azmi, D.K. and K. Kunisch. Optimal Feedback Law Recovery by Gradient-Augmented Sparse
Polynomial Regression, ). Machine Learn. Res., 2021.

G. Albi, S. Bicego and D.K. Gradient-augmented Supervised Learning of Optimal Feedback Laws Using
State-dependent Riccati Equations, arXiv:2103.04091, 2021.



Approximation, representation, and optimization

N
® Global approximation: Vg(x) = 3, 6;®;(x), with ®;(x) from a multidimensional polynomial basis.
i=1

® Representation formulas for HJB PDEs, e.g. Lax-Hopf or Pontryagin’s Maximum Principle

av(x,t) 1 , * t

S IV DIP =0, V(x0) =T (0 = Vixt) = —min {77 (y) + SlIYI* - (xy)}
yEIRd 2

Efficiently solvable in high-dimensions through primal-dual algorithms or TPBVP.

® Using representation formulas as synthetic data for supervised learning.

® Sparse polynomial recovery of feedback control laws from V(x, t) and VV(x, t) samples:

N
, 1
SR I[@; VelO — [V; VV]I3 + Al8llw = up(x) = —ﬁgT ; 0iVx®@i(x),



Finite horizon optimal control

;
i o, X) 1= e(y(t )| dt, 0,
oo T = [ yo)+ pluo) e, p>
. d
subjectto —y(t) = f(y(D)) +g(y(D)u(t),  y(b) =xe RY.
® Optimal feedback law: u*(¢,x) = —ﬁgT(x)VV(t, x), where V(t,x) : [0, T] x RY = R solves

aV(t,x) — #VV(t, x)'g(x)g" (x)VV(t,x) + VV(t,x)"f(x) +£(x) =0, V(T,x)=0.

® Pontryagin’s Maximum Principle for a single trajectory departing from y(#,) = x :

§(1) = fy (D) + g(y(D)u(b). y(to) = x,
p(1) = Vy (Fy(£) + g(y(D)u(D) Tp(6) + Vyt(y(t).  p(T) =0, (TPBYP)
u(t) = ——g" (y())p(2). Ve (5, T).

2p



The link between HJB and PMP

Theorem (Mirica 85, Subbotina 06, Yegorov and Dower 17°)
Letf, g and ¢ be C! (Rd). Then, the characteristic curves of the H/B PDE

o V(t,x) — #VV(L x)Tg(x)g" (x)VV(t,x) + VV(t,x) " f(x) +£(x) =0, V(T,x)=0.

correspond to the solution of the TPBVP departing from y(ty) = x :

y(1) = £y () + gly()u(D), y(t) = x,
B0 =T (R (1) +g(y(0)u() (D) + Vye(y(1),  p(T) =0, (TPEVP)
u(t) = = 358" (Y(O)p(D). Ve (6, 7).

Moreover, along an optimal trajectory (y*(t), p*(t), u*(t); x), the value function and its gradient satisfy

T

V(f,y*(t))=/f(y*(S))+ﬁ||u*(S))||§d5, VV(ty (1) =p"(t), Vte (k. T)

t



Generating a synthetic dataset for regression

¢ Sampling a set of N; initial conditions y(0) = x;,i=1,..., N5 from a high-dimensional pdf.
* Numerical realization of PMP for each x;: TPBVP, reduced gradient or Newton.

* Dataset: {(x;,y; (1), p; (1), uj.‘(t))},{isr Compute V(0,x;) = J (ui(t);0,x;) and VV(0,x;) = p;(0).
q
* Fitting a polynomial model for V(0,x) = Vy(x) := 2 0;®;(x) with LASSO regression (no SGD).
i=1
Why choosing a polynomial model? Besides remaining linear in the coefficients:

® There is a extensive (and rigorous) literature on power series expansions for approximating the
solution of HJB PDEs, dating back to AI’brekht 61" until Breiten et al. 19’.

* In the LQ case, we have a quadratic form for V(x), exact recovery.
® A vast literature in approximation theory (Adcock and Sui 19°) and UQ (Chkifa et al. 14’).

* Approximation subspace from tensorization of 1d basis: monomial, Chebyshev, or Legendre.



A polynomial model for Vy(0, x)

Multidimensional polynomial basis: cardinality |A| needs to scale adequately with the dimension!

Hyperbolic cross approximation:

Tensor product monomials: Total degree basis:
. * multi-indexn=(m,...,n
* Every monomial is included * Total degree n < 2: Hljt ( di D < (+1’] . Nd),
2.2 .2 _(n <s
(deg n < 3): x1,...,x2x;x; X7 Xy5 X3, X1X2, Xo X3, X1X3 k=11
d * Al <
e [Al=(n+1)¢ o A= (™ 5
| | ( ) I I ( n ) mln{2534n, 6252+[og2(n)}
Tensor product monomials Total degree monomials
Hyperbolic cross monomials
Q
20 §
20 e
15 §
5 15 g
& 0Q%0
= 10 = 983
2 10 §8§g
5 £ 38830

20 20

dog(r)) deg(as) dog(a)

deg(e2)



Gradient-augmented regression

* Augmented data Dg,g = {xj, Vi, V,{};V; , with V){ = (g—:(xj), g—:(xj), e %(xj))T.
® Linear least squares matrix assembly:
N,
Ao = (@) "L A= (%(xj))j::, Vo = (V(xj))jl_\/;, V= (%(xj)
and B 1 . 1 .

= ﬁ (Ao A4 Am) ., V= W (Vo V4 Vin)
* Fitting 0 with linear least squares and LASSO regression

0;, = argmin||A6 — V|2, 0y, = argmin||A0 — V|2 + A||0]|1.w

BeRd 6eRd

q
with the weighted £ norm ||0]|1.w = >, wil6;], w; = maé( lpi(x)|*, a>0.
i=1 x€



Gradient-augmented regression

Non-smooth, convex optimization problem: Proximal gradient methods, ADMM.

ADMM Algorithm for solving weighted LASSO

1 Input: 6, 2% h® € RY, p > 0, and tolerance tol > 0.
2 while [|0% = z¥|| > tol and ||p(h* = K*~")|| > tol do
331 0K = QAAT +pl) ! 2ATV + p(2X - hK))
32 M1 =proxa (0K + Kb
p W
3.3 hk+1 — hk + 9k+1 _ ZkH.
4: end while

* Soft-thresholding type operator:
q
proxz ..., (X) = ([|x,| ]+sgn(x,))
i=1

® Recovered feedback law:

1 q9
uo(x) = =278" ) 0,:0i(x).
i=1



Nonlinear control: Van der Pol Oscillator

T Yyi=y2
min / (ly(D]I? + pu(t))dt  subject to g ’
0

uel2(0,T;R) Vo=—-yi+y,(1-yd) +u,
Errp2 Errg Nonzero components

Vs, for Ny = 40 1.46 x 107! 1.17 52/52

V;, for Ny = 40 9.38x 1073 3.25x 1072 52/52

Vi, for Ny =40,1=0.01 1.20x 1072 2.05 x 1072 19/52

\1;40‘23 \,‘zrvn‘Z

Ea

(a) Sampling data (b) \_/(1 for Ny = 40 (c) Vi, for Ny = 40 (d) Ve, for Ng = 120

7



Consensus control in the Cucker-Smale model

TNa 1 YI =Vj, i:1>"'aNa3
min —|Ivi(t) = v||* + Bllu;(t)||* dt, subject to . Ne vy,
ueLZ(o,T;RdXNa)/O ; Nt ' Vi = NL,ZE‘] Ty —y P T Ui
Controlled trajectories for N; = 20 and d = 2 (80 dimensions), s = 4, |A| = 3481:
15 3 35 6
25 3 5
10 5 2.; )
5 1'? / / 15 y 8
\‘k 2’ 05 ‘//// 1 / 2
° A : Lz
0 - =
5 \ 05 /\/ 05 // ’ P —
4 \/ 4 \\// B \ N
g 5 0 5 1 E 0 1 2 % E 0 1 2 s a0 2 3

(a) Uncontrolled State (b) Optimal state (c) \_/g1 with Ny =70 (d) V& with Ny = 2430



Validation errors for N, = 20 (80d) and s = 4 (|A| = 3481)

Errp (V)

1'2

Erri2(V)

Number of non-zero components

OEBBB0o0D0O00m

RSy

- =
—-a =
—+-a=0.5
—“*-a=0
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2000
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4000
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Variations on a theme: infinite horizon feedback control

o)

uT)iQU J(u(), x0) 520/ x'(5)Qx(s) + u'(s)Ru(s) ds
subject to: - x(£) = f(x(£)) + B(x(D)u(t), x(0) =xq.

® Dynamic Programming: V(x) = (ir)]ij(u(-),x) solves the stationary HJB PDE
u(-)e

VV(x)f(x) - %VV(X)TB(X)R_1B(X)TV Vx)+x'Qx =0 = u(x) = —%R_1B(X)TV V(x).
* Linear-quadratic (LQR) setting: f(x) = Ax, B(x) = B, and V(x) = xTIx with IT € R™" leads to
Algebraic Riccati Equation (ARE):  ATII+IIA-TIBR 'B'II+Q=0.
® Van der Schaft (91): V(x) ~ x"TI(x)x close to the origin. State-dependent Riccati Equation (SDRE):
ATOOII(x)+IT(x)A(x) —II(x)B(x)R"'B(x) "TI(x)+Q=0 = u(x) = -K(x)x = —R"'BT (x)ITI(x)x.

® Using SDREs to generate a supervised learning framework for V(x) with ANNs.



Variations on a theme: infinite horizon feedback control

TNa -I YI =V, i=1;~~,Na;
min D Vi) =1 + fllui(0IF de, - subject to ¢ %y
ueLz(O,w;RdXNﬂ)£ —l Nq ’ ’ Vi = Nla D W +u;,
J=1

Controlled trajectories for N, = 20 and d = 1, using ANNs (FNN, 3 layers, 400 neurons per layer):

0.4 0.4
0
0.3
0.35
-0.5
0.2
0.3
= = o1
0.25
0
0.2 ~_ o1 )
0.2 ~|
01 _— 10
0.15 _0.2 —~—— 5
0 5 10 (] 5 10 . 0 o
t t t
(a) Uncontrolled velocities (b) Controlled velocities (c) Optimal control for ug

G. Albi, S. Bicego, and D. K. Gradient-augmented Supervised Learning of Optimal Feedback Laws Using State-dependent Riccati Equations,
arXiv:2103.04091, 2021.



The Blessing of Dimensionality: mean field control

N
® Microscopic control: dx; = % 2. P(xi, x;)(x; — x;)dt + u;dt + \/ZdB;'—
j=1

® As N — oo, optimal control design is based on the mean-field dynamics:

.
minimize J(u; ) := / / Ix — xg|?u(x, t) + §||u||2,u(x, t) dx dt
0 R4

u(-) e

subject to: Op+ V- (Plpl +u)p) =vAp,  p(x0) = po(x),
P = [ POy =xn(y. 0 dy.
® First-order optimality conditions lead to a nonlocal forward-backward system:

otu+V - ((SD[,u] - %V(ﬁ) ,u) =vAp, inRYx(0,T)
(MFOC) 3 ~ar — Ix = xg* + - IVYII> = P [ y] = vAY, inRIx (0, T)
H(%,0) = po(x), ¥(x,T)=0.

Pyl = /Rd (PO, y)VY(x,t) = P(y,x)Vi(y, 1)) - (y = x)u(y, t) dy .



The Blessing of Dimensionality: mean field control

T
minimize J(u; o) = / / Ix — xgq2pu(x, t) + )—/||u||2,u(x, t) dx dt
u()eU 0 Rd 2
subject to: Op+ V- ((Plu]l +u)p) =vAu, p(x,0) = po(x).
Optimal control of opinion dynamics in the Hegselmann-Krause model P(x,y) = x{x—y|<«} (¥):

T T

Constant c: 0.08; p: 0

G. Albi, Y.P. Choi, M. Fornasier, and D. K. Mean field control hierarchy, AMO 17°
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