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Outline

1. Introduction



The system we are interested in

e LetT > 0,d > 0 be given.
e Let Q = R" be a bounded domain and v < 092.

Is the following system null-controllable at time 7" ?

—dA 0 0 0\ _ ,
aty+<0 7A)y+<1 O>y—o, in (0.7) x €,

y=1, (;)y on (0,T) x 69.

Difficulties

e Two components in the state y but only one control v.

e This is a boundary control system with a control localised on ~.
Geometry :
e In 1D : the problem is now well understood
e In higher dimension : very few results in general
e Diffusion ratio d:
e Cased = 1: The analysis is now quite “standard”
e Cased # 1: The analysis is much more intricate

Aim of the talk : state a result concerning the case d # 1 in a 2D cartesian geometry



Remarks

Oy + <_dA _OA)y + (0 0>y =0, in (0,7) x €,
y=1, <(1)>v, on (0,T) x 09Q.
\X/hich tool can we use ?

X Lebeau-Robbiano type strategy
% Global Carleman inequalities

+ Moment method

Generalizations

e —A can be replaced by another elliptic operator A (with some care ..)

mi1 Mmi2

e The coupling matrix (1) g can be replaced by any coupling matrix M = (

) as soon

ma1 Ma22

as the Kalman condition holds
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2. The 1D case

2.1, Diffusionratiod = 1



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10) (Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)
Theorem
The following system
-2 0 0 0 .
Ory + . |y + y=0, in(0,T) x (0,1),
0 —0; 1 0
(9)

y=loro <l>v, on (0,T) x {0,1}.

is null-controllable at any time T' > 0.



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10) (Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)
Theorem
The following system
-2 0 0 0 i
Ory + ( 0 _62>y I (1 O)y =0, in(0,T) x (0,1),
(9)

y=loro @v on (0,T) x {0,1}.

is null-controllable at any time T' > 0.

Generalization : for any coupling matrix M, the same result holds if and only if we have both
e Kalman condition :
ma1 # 0
 Non resonance condition : for any 6,0 € o(M), A\, A € o(—@2)

(B+A=0+))= (f=0and ) =]).



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10) (Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)
Theorem
1 0 0 0 1 .
A= (O 1> ® (-3 + (1 O) ®ld, and B= (O) ®B, With B* = —(22)jsm0.

(S) Aw + Ay = Bu,

System (S) is null-controllable at any time T' > 0.

Slight change of formalism : We identify L?(0, 1; C?) with the tensor product C? ® L?(0, 1).



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10) (Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)

Theorem

A=<(1] 2)@(—a§)+<f 8)@1@1, and B=((1]>®B, with B* = —(0z)ja=o-
(S) oy + Ay = B,

System (S) is null-controllable at any time T' > 0.

Sketch of proof : Let A := o(—02) and (¢a)rea the associated eigenfunctions

Set 9 := (é) ® ¢ and &3 := (2) & P

A*D = A, B*®3 = B*¢x = —¢5(0) ~ CVA,
A'®) = D} + B3, B*®} =0.
T
* 20 —A(T—t) _ AT 0
Equivalent moment problem (B ¢A)L € v{t)dt = —e " (o, 2x), VAEA,

T

(B*q)(;)J (T — t)e T y(t) dt = —e Ty, @F — TBY), VA€ A.
0



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10) (Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)

Theorem

A= <(1] 2)@(—a§)+ (f 8)@1@1, and B = (3)@3, with B* = () ja=o0-

(S) Aw + Ay = Bu,

System (S) is null-controllable at any time T' > 0.

Sketch of proof : Let A := o(—02) and (¢a)rea the associated eigenfunctions
Set ¢F = (é) ® ¢ and &3 := (2) ® oa.

A D) = A3, B*®) = B*¢r = —¢5(0) ~ CVA,

A*D} = AD) + BY, B*®) = 0.

T
(B*®Y) J e Mu(t)dt = —e M yo, B, VAeA,

Equivalent moment problem o

L _ T
wesetu(t) i=v(T —1) | g0 f te Mu(t)dt = —e My, B — T, VA€ A.
0



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10)

Theorem

A= ((1] ‘;) ® (%) + (f 8) ®Id, and B= (3) ® B, with B* = —(04)z=0-

(S) Aw + Ay = Bu,

System (S) is null-controllable at any time T' > 0.

Sketch of proof :

T
—At ___-AT 0
Equivalent moment problem JO e u(t)dt = —e 7 (o, Ux), VAEA,

L _ T
we setu(t) :=o(T' — 1) f te Mu(t)dt = —e Ty, Uy — TTY), VA€ A,
0

with ]
. oI
W o= A_
ABral

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa,



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10)

Theorem

0 1 1 0

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)

0

A= <1 °>®(—ai)+ (O 0>®Id, and B = (1>®B, with B* = () ja=o0-

System (S) is null-controllable at any time T' > 0.

Sketch of proof :
Equivalent moment problem
T
J efktu(t) dt =wl, VA€A,
0
T
J te Mu(t)dt = w), YAeA

0

with

lwi| < Ce™ ™, Wae A, V¥je{0,1}.

oy + Ay = Bu,

‘Solution: u(t) = D (W@ () + waar(t),
AEA

where (¢})x,; © L*(0,T) satisfies :

T
f tzeiutqg\(t) dt = (5A,“6i,j.
0

Such a family exists and satisfies

“q§\|‘L2(O,T) < Cre™M* lim e(\) =0



The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10)

Theorem

0 1 1 0

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)

0

A= <1 °>®(—ai)+ (O 0>®Id, and B = (1>®B, with B* = () ja=o0-

System (S) is null-controllable at any time T' > 0.

Sketch of proof :
Equivalent moment problem
T
J e”‘tu(t) dt =wl, VA€A,
0
T
J te Mu(t)dt = w), YAeA

0

with

lwi| < Ce™ ™, Wae A, V¥je{0,1}.

oy + Ay = Bu,

‘Solution: u(t) = D (W@ () + waar(t),
AEA

where (¢})x,; © L*(0,T) satisfies :

T
f tzeiutqg\(t) dt = 5A,#6i,j.




The 1D case - Q2 = (0, 1)

Diffusion ratio d = 1

(Fernandez-Cara - Gonzalez-Burgos - de Teresa, '10)

Theorem

0 1 1 0

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '11)

A= (1 °> ® (%) + (O °) ®Id, and B= (3) ® B, with B* = —(04)z=0-

oy + Ay = Bu,

System (S) is null-controllable at any time T > 0. Moreover, |[v|| 2 7y < T lyol-

Sketch of proof :
Equivalent moment problem
T
J efktu(t) dt =wl, VA€A,
0
T
J te Mu(t)dt = w), YAeA

0

with

lwi| < Ce™ ™, Wae A, V¥je{0,1}.

‘Solution: u(t) = D (W@ () + waar(t),
AEA

where (¢})x,; © L*(0,T) satisfies :
T . .
f tzeiutqg\(t) dt = (5A,“6i,j.
0
Such a family exists and satisfies

j S+cvx
Xl L2c0,r) < CeT™ .



2. The 1D case

2.2. Diffusion ratiod # 1



The 1D case - Q2 = (0, 1)

Diffusion ratio d # 1

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)
Theorem

A= <g f) ® (=02) + (? g) ®Id, and B= (g) ® B, Wwith B* = —(0:)ja=o-

(S) Oy + Ay = B,
There exists a minimal null-control time 7y (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).
Remarks :

e There is an infinite countable set of values of d for which the system is even not
approximately controllable.

e Forany 7 € [0, +0] there exist (many) values of d such that
TO (d) =T.

e The same system with distributed control is null-controllable at any time T > 0.



The 1D case - Q2 = (0, 1)

Diffusion ratio d # 1

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)

Theorem

A= <;’ f) ® (—02) + (2 g) ®Id, and B= (;) ®B, with B* = —(24)jao-
(S) Oy + Ay = B,
There exists a minimal null-control time 7y (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).
Spectral analysis

e Forany A e A we set
@d)\ = (é) ®¢A = A*(I’dA = d)\q>d>\ and B*q)dx = 7(1)/)\(0) # 0.

e FOra yMGAWeset
b, = “(ll ) ®¢) Ed .,4 5 = /l@ and B 5 = —# #0
o " o N n (1 l) .

[Approximate controllability <= A n dA = @.]




The 1D case - Q2 = (0, 1)

Diffusion ratio d # 1
(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)

Theorem

A= <g f) ® (=02) + (2 g) ®Id, and B= (g) ® B, Wwith B* = —(0:)ja=o-
(S) 5ty a4 Ay = BU7

There exists a minimal null-control time 7y (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).

Necessary null-controllability condition We assume A ndA =
1 —Ll d,
= S e - _—°
Cax (0> ® da, D, (i 11 ! ) ® du, v, B*®,
If a control v exists with |[v| < Cr|yo|. we have Recall that u(:) = v(T — )

T
J efd)‘tu(t) dt = fefdAT<y0, Tar),
0

T
f e Mut)dt = —e " yo, W),
0



The 1D case - Q2 = (0, 1)

Diffusion ratio d # 1

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)

Theorem

A= <g f) ® (=02) + (2 g) ®Id, and B= (g) ® B, Wwith B* = —(0:)ja=o-
(S) 5ty a4 Ay = BU7

There exists a minimal null-control time 7y (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).

Necessary null-controllability condition We assume A ndA =
1 —Ll d,
= S e - _—°
Cax (0> ® da, D, (i 11 ! ) ® du, v, B*®,
If a control v exists with |[v| < Cr|yo|. we have Recallthat u(:) = (T —-)

T —dXt —ut d\T nT
AT € —e e —e —ut U -V,
t)dt = — —_— ).
) (s o= =G T )



The 1D case - Q2 = (0, 1)

Diffusion ratio d # 1
(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)

Theorem

A= <g 2) ® (=02) + (? g) ®Id, and B= (g) ® B, Wwith B* = —(0:)ja=o-
(S) 8ty a4 Ay = BU7

There exists a minimal null-control time 7y (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).

Necessary null-controllability condition We assume A ndA = F
1 —Ll d,
= S ) -
Cax (0) ® da, D, (i 11 ! ) ® du, v, B*®,
If a control v exists with |[v| < Cr|yo|. we have Recallthat u(:) = (T —-)
T —dXt —ut d\T nT
AT € —e e —e —ut U -V,
t)dt = — —_— ).
) (s o= =G T )
Uy — U, T e T N : —In|d\ —
ZAANT T o = — < = |T =T =1l —=
H T [ —p] <7 o(d) := limsup
ldx—p|<1




The 1D case - Q2 = (0, 1)

Diffusion ratio d # 1

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)

Theorem

A= <;’ f) ® (—02) + (2 g) ®Id, and B= (;) ®B, with B* = —(24)jao-
(S) Oy + Ay = B,
There exists a minimal null-control time Ty (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).

Sufficient null-controllability condition
The moment problem is solved as follows

u(t) = Z waxgqax(t) + Z wpdpu(t),

AEA pneA

where (q.) is a biorthogonal family

T
J e 7'qo(t) dt = 6,5, Vo,5 € A udA.
0



ThelD case-Q = (0,1)
Diffusion ratio d # 1
Theorem

0 1 10

(Ammar-Khodja - Benabdallah - Gonzalez-Burgos - de Teresa, '14)

A= <d 0) ® (=02) + (0 °> ®Id, and B= (g) ® B, Wwith B* = —(0:)ja=o-

(5)

oy + Ay = Bu,

There exists a minimal null-control time 7y (d) € [0, +0] :
System (S) is NC at any time T > Ty(d) and is not NC at any time T < To(d).

Sufficient null-controllability condition
The moment problem is solved as follows

u(t) = Z waxgqax(t) + Z wpdpu(t),

AEA pneA

where (q.) is a biorthogonal family

0

T
J e 7'qo(t) dt = 65,5, Vo,5 € A udA.

Such a biorthogonal family exists and satisfies
HqUHLz(O,T) < CTQ(C(AU{]A>+E(G))U, Vo e A udA.

c(e) := condensation index of a family in C.
If T > ¢(A U dA) the series converges  «

[In our case: c(A udA) = To(d).]




2. The 1D case

2.3. Interlude - the block moment method



The 1D case - Q2 = (0, 1)

Interlude - the block moment method (Benabdallah - B. - Morancey, '20)

Question
Is it always true that

Eigenvalues condensate — No short-time null-controllabity ?



The 1D case - Q2 = (0, 1)

Interlude - the block moment method (Benabdallah - B. - Morancey, '20)

Question
Is it always true that

Eigenvalues condensate — No short-time null-controllabity ?

Example

_ (10 2 00 - 00 _ (1 W
A= (0 1) ® (—0z) + (0 1> ®a(z) + <1 0> ®Id, and B= (0) ® B, with B® = —(0z)|z=0-
(S) oy + Ay = Bo,

We set Aq := o(—02 + a) and (¢a,x)ren, are the associated eigenfunctions.

Theorem (The answer is NO)
There are (plenty) of coefficients a € L*(0, 1) such that the condensation index satisfies

c(AuA) >0,

but, however, system (S) is null-controllable at any time T' > 0.



The 1D case - Q2 = (0, 1)

Interlude - the block moment method (Benabdallah - B. - Morancey, '20)

10 2 0 0 . 00 _ (1 ; «_
A= (3 Yo+ (1 Yo+t You me - (os, wins - @)
(S) 0wy + Ay = Bu,
Spectral analysis (with some cheating ..) We assume AnAq = &

e Forany ue Aq, we set
Oy = (é) ®bap = AP®y=pdy, and B P, =—¢,(0).
e Forany A e A, we set
By = @ ®¢r + @ ®Yr, = Ay =2®y, and B'®y = —y3(0) # 0,

where 1 € Hj(0,1) is the unique solution to

(=02 + a)r = Ax — a.

10



The 1D case - Q2 = (0, 1)
Interlude - the block moment method

(Benabdallah - B. - Morancey, '20)

10 2 0 0 i 0 0 [ ' .
A=<O 1>®(—8z)+<0 l>®a(z)+<1 O>®Id, and B—<O>®B, with B* = —(82)s=0-

(S) oy + Ay = Bu,
Spectral analysis (with some cheating ..) We assume AnAq = I

D, = (3) ® Gap, fOr pe Ao, @y = (‘;) ® b + (é) Qx, for \e A, T, = B‘i}) .

In HL\:\I’“
Necessary null-controllability condition T > limsup A
AeApeAa A
su—00

LetheAand pe Aq, A —pf « 1.

We can prove that o, ~ G

10



The 1D case - Q2 = (0, 1)

Interlude - the block moment method (Benabdallah - B. - Morancey, '20)

A= ((1) (1)) ® (—02) + (3 f) ®a(z) + (2 g) ®Id, and B= (3)) ®B, with B* = —(82) a0
(S) oy + Ay = Bu,

Spectral analysis (with some cheating ..) We assume AnAq = I
1 0 1 o,
o, = (o) ® Ga,u, fOr pe Aa, @y = <1> ® da + <0> ®Yy, forAe A, ¥, = B,
In 23
Necessary null-controllability condition T > limsup -
XeA,pel, A
A, u—>00
LetheAand pe Aq, A —pf « 1.
We can prove that ¢y & Pap +0(1), = B'd\=~ ﬂ,
A—p A—pu
\Pi\%i” =0(1) == [No obstruction to small time null—controllability] .




The 1D case - Q2 = (0, 1)

Interlude - the block moment method (Benabdallah - B. - Morancey, '20)

A= ((1) ‘f) ® (=2) + (3 f) ® al(z) + <8 ;) ®1d, and B - (2) ®B, With B* = —(02)s0.
(S) Ow+ Ay = B,
Solving the moment equations

T
J e tut)dt = —e " (Yo, ¥,), VYoeAuA,,
0

The usual way

w(t)= Y woao(t)

geANUA,

% Only works for T' > ¢(A U A,) since

g ll2(0,1) < Crelchvha)te(@)e

1



The 1D case - Q2 = (0, 1)

Interlude - the block moment method

A= (3) ?) ® (~02) + (3 f) ®alz) + (
(S)

Solving the moment equations

0

The usual way

u(t) =Y wogs(t)

geANUA,

% Only works for T' > ¢(A U A,) since

Igo | 12 o) < CTe(C(AuAa )+e(o))o

JT e tu(t) dt =

(Benabdallah - B. - Morancey, '20)

é) ®Id, and B= (2) ®B, with B = —(2,)js—0-

8ty + Ay = B’U,

—chT(g/o7 Usy, VYoeAuA,,

The block moment way
LetG={\pu} Ae A, pe Ay with [N — p| « 1.
We can find a ug € L*(0,T) such that

T
f e “ug(t)dt = —e " {yo, ., VoeG,
0

T
j e Tug(t)dt =0, VYoe (AuA)\G,

0
Uy -,

with Juol o < Cre " (10a]+ | =

),



The 1D case - Q2 = (0, 1)

Interlude - the block moment method

A

<(1’ ?> ® (%) + (8 ?) ®a(z) + (8
()

Solving the moment equations

T
f e 7tu(t) dt
0

The usual way

Z Wo (o (t)

geANUA,

% Only works for T' > ¢(A U A,) since

u(t)

c(AUA, o))o
g ll2(0,1) < Cre'! )+elehe,

(Benabdallah - B. - Morancey, '20)

é) ®Id, and B= (2) ®B, with B = —(2,)js—0-

8ty + Ay = B’U,

—chT(g/o7 Usy, VYoeAuA,,

The block moment way
LetG={\pu} Ae A, pe Ay with [N — p| « 1.
We can find a ug € L*(0,T) such that

[
)

e “ug(t)dt = —e " {yo, ., VoeG,

Vo e (AU A)\G,

e “tug(t)dt =0,

W|th HuGHL2(O,T) < éCTGiAT.
1



The 1D case - Q2 = (0, 1)

Interlude - the block moment method

A

<(1’ ?> ® (%) + (3 ?) ®a(z) + (8
()

Solving the moment equations

T
f e 7tu(t) dt
0

The usual way

Z Wo (o (t)

geANUA,

% Only works for T' > ¢(A U A,) since

u(t)

Igo | 12 o) < CTe(C(AuAa )+e(o))o

é)@ld, and B=<2>®B,

8ty + Ay = B’U,

—chT(g/o7 Usy, VYoeAuA,,

(Benabdallah - B. - Morancey, '20)

with B = —(02)z—0.

The block moment way

AUA, = |G,

with  diam(Gi) < p, #Gr

k=1

< 2.

Then, without any condition on T, the function

IR

k=1

is well-defined in L?(0, T') and gives a suitable control.

1



The block moment method

Statement precised (Benabdallah - B. - Morancey, '20)  (B. - Morancey, '21)

Definition
Let k > 0, p > 0, n € N*. We define L.,(n, p, k) as the set of all the S < [0, +oo[ satisfying

Asymptotic behavior: Ngs(r) := #(Sn[0,7)) < ky/r, Vr >0,

Weak gap condition: #(S N [u,u+p]) <n, Yu=0.

12



The block moment method

Statement precised (Benabdallah - B. - Morancey, '20) (B. - Morancey, '21)

Definition
Let k > 0, p > 0, n € N*. We define L.,(n, p, k) as the set of all the S < [0, +oo[ satisfying

Asymptotic behavior: Ngs(r) := #(Sn[0,7)) < ky/r, Vr >0,
Weak gap condition: #(S N [u,u+p]) <n, Yu=0.
Typical situation
Foranyi =1,...,n, consider a A; < [0, +oo[ such that
N, (1) < kin/T,
(A= p| > pi, YA pe Ay, N # .

Then, we have
U A'L € ‘Cw(nap? ’k"/)a

i=1

with p = min p;, K = max k;.



The block moment method

Statement precised (Benabdallah - B. - Morancey, '20) (B. - Morancey, '21)

Definition
Let k > 0, p > 0, n € N*. We define L.,(n, p, k) as the set of all the S < [0, +oo[ satisfying

Asymptotic behavior: Ngs(r) := #(Sn[0,7)) < ky/r, Vr >0,

Weak gap condition: #(S N [u,u+p]) <n, Yu=0.

Any such set can be written S = | |, _, Gy with

#Gr <n, diam(Gk) < p, d(Gr,Grt+1) =

SRS

Theorem (in the case n = 2)
There exists C > 0 depending only on p and « such that, for any (we)ses < R, forany T > 0,
k > 1, there exists a uy, € L*(0, T) satisfying the

. o we, Ifoe Gy,
Partial moment problem J- e Tug(t)dt = i
0 0, Ifo¢ Gk,

. ~
Uniform estimate [us 2o r) < CeCV7r'8loW)*T ('w"'kl | Loe — Yok

) , Where Gy, = {0, 01 }.

Ok — Ok

12



Outline

3. The 2D case
31 Diffusionratiod = 1
3.2 Diffusionratiod # 1

13



3. The 2D case

3.1. Diffusionratiod = 1



The 2D cartesian case - Q) = Q; x Qy, Q7 = (0, X1),

Diffusionratio d = 1

1
0 X1

Qs = (0, X2)

(Benabdallah - B. - Gonzalez-Burgos - Olive, '14)

A0 0o 0\ _ .
X2 (9ty+<0 _A>y+(1 0)1/—0, in (0,7) x £,

Y = 1{0} xws (é)’v, on (0,7 x oR.

14



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Diffusion ratio d = 1 (Benabdallah - B. - Gonzalez-Burgos - Olive, '14)
T2
-A 0 0 0 .
0 =0 in (0,T) x €,
X W, AVt )Y =0 (0,7)
Ean)
wa QO 1
Yy = 1{0}><w2 <0>’U, on (O, T) x 0€2.
v
Ty
0 X,

Theorem (with L?(Q; C?) ~ C* ® L*(1) ® L*(Q2))
For any non empty ws c Qs, the following system
10 2 2 0 0 1
(S) G+ <O 1) ® [(—6m1)®Id+Id®(—6m)]y + (1 0) ®Id@Ildy = (0> ® B® Llu, v,

is null-controllable at any time T' > 0.

14



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Diffusion ratio d = 1 (Benabdallah - B. - Gonzalez-Burgos - Olive, '14)
T2
-A 0 0 0 .
0 =0 in (0,T) x €,
X W, AVt )Y =0 (0,7)
Ean)
wa QO 1
Yy = 1{0}><w2 <0>’U, on (O, T) x 0€2.
v
Ty
0 X,

Theorem (with L?(Q; C?) ~ C* ® L*(1) ® L*(Q2))
For any non empty ws c Qs, the following system

(S) aw+ <é ‘i) ® [A1 ®Id+Id®A2]y + ((1’ 8) RIdEIdy = (;) ® B® 1u, v,
is null-controllable at any time T' > 0.

Generalizations

e Same result if A1 and Az are any two 1D elliptic operators.

14



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Diffusion ratio d = 1 (Benabdallah - B. - Gonzalez-Burgos - Olive, '14)
T2
-A 0 0 0 .
0 =0 in (0,7) x Q,
X W, AVt )Y =0 (0,7)
Ean)
wa QO 1
Y = 1{0)xws <0>’U, on (O, T) x 0€2.
v
Ty
0 X,

Theorem (with L?(Q; C?) ~ C* ® L*(1) ® L*(Q2))
For any non empty ws c Qs, the following system

(S) oy + (3 i’) ® [A1 ®Id+Id®A2]y +MdeIdy = (;) ® B® 1u, v,
is null-controllable at any time T' > 0.

Generalizations

e Same result if A1 and Az are any two 1D elliptic operators.
e Same result with a general coupling matrix M satisfying Kalman + non resonance condition

14



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Diffusion ratio d = 1 (Benabdallah - B. - Gonzalez-Burgos - Olive, '14)
T2
-A 0 0 0
0 =0 in (0,7) x Q,
X W, AVt )Y =0 (0,7)
Ean)
wa QO 1
Y = 1{0)xws <0>’U, on (O, T) x 0€2.
v
Ty
0 X,

Theorem (with L?(Q; C?) ~ C* ® L*(1) ® L*(Q2))
For any non empty ws c Qs, the following system

(S) oy + ((1) ?)®[A1®Id+Id®A2]y+M®Id®Idy: (é)@B@lwz v,

is null-controllable at any time T' > 0.

Straighforward case : wy = Q2 Ao = 0(As), eigenf. (¢p2,x;) rpens,
Decomposition of the solution and the control y = Z Yro @ 2,25, v = Z Vap P27
A2€Ao A2€A2

For each Xz € As, we are led to a 1D control problem for y, (t) € C* ® L*(Q1) with vy, (t) € C

OtYn, + (é ?) ® (A1 + X2)yn, + M ®Idyx, = (;) ® B v,
14



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

(Benabdallah - B. - Gonzalez-Burgos - Olive, '14)

A 0 0 0\ _ ,
(9ty+<0 7A>y+(1 0)3}—07 II’](O,T)XQ.

w Q Y = L0} 5w, (é)v, on (0,T) x of.

Diffusion ratio d = 1

1

0 X1

Theorem (with L?(Q; C?) ~ C* ® L*(1) ® L*(Q2))
For any non empty ws c Qs, the following system

(S) oy + ((1) i’) ® [A1 ®Id+Id®A2]y +MdeIdy = (;) ® B® 1u, v,
is null-controllable at any time T' > 0.

Less straightforward case : w2 & Qs

Use a Lebeau-Robbiano approach to combine the following ingredients (Miller, '10)

1. The system with ws = Q4 is null-controllable at any time 7 > 0 with cost e,
2. Spectral LR inequality : [¢] < Ce“ V| 1u,9|, Vo € Ea, := Span(dz.r,, Ao < p).

3. Dissipation
+ 14

o™ g < Ce W], Y e LA(Q) ® (Eay) .



3. The 2D case

3.2. Diffusionratiod # 1



Q1 =(0,X1), 2 =(0,X5)

The 2D cartesian case - 2 = ; x (5,

Any diffusion ratio d > 0
—dA 0 0 0
ot e (3 e (o
w2 1
@ Yy = 1{0}Xw2 <0>U7
Xl T

0
A few comments
e Even if wy = s, null-controllability does not hold for T < Ty (d).

e If To(d) = 0: null-controllability holds at any time T" > 0.
e If To(d) > 0 and we & Q2 We don't know if NC holds for T' > Ty (d) !!

in (0,7) x £,

n (0,77) x oS

15



Q1 =(0,X1), 2 =(0,X5)

The 2D cartesian case - 2 = ; x (5,

Any diffusion ratio d > 0
—dA 0 0 0 .

X 9ty+< 0 _A>y+(1 O>y=07 in (0,77) x €.
ws Q =1 ! on (0,T Q.
l Y (wlx{O})u({O}Xwg) (0)”’ (0,T) x 0

(w]) X it

0
What about controlling also on another side of the rectangle ?

e Approximate controllability holds for any value of d.
e For d = 1 and any coupling matrix M that satisfies Kalman condition (m21 # 0) : approximate
(Olive, '14)

controllability holds.
[The ‘geometry” of the control support matters !]

15



Q1 =(0,X1), Q2 =(0,X>)

The 2D cartesian case - 2 = ; x (5,

Any diffusion ratio d > 0
—dA 0 0 0 .
o 9ty+< 0 _A>y+(1 O>y=07 in (0,T) x €,
“ Q y=1 Yo on (0,T) x oS
1 (w1 x{0}) u({0yxws) \0) ’
(w]) X it

0
What about controlling also on another side of the rectangle ?

Question

What can be said concerning null-controllability ?
(B. - Olive, '21)

Theorem
For any d > 0, and any M satisfying the Kalman condition m21 # 0, the following system

d 0
(S) aty-l—(O 1

> ® [Al ®Id+Id®A2]y +MRIdEIdy = <(1]> ®1., @B + (é) ® B® 1w, v2,
is null-controllable at any time T' > 0 and we have the estimate |v| 2o, r)xa0) < eT lyoll

15

Even for d = 1, this is a new result since there is no “non resonance” condition !



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume w; = Q7 and wz = Qs

&sy + .Ay =B (zl>,
with

0 1

Id®B*
A*=<d °)®[A1®Id+1d®Az]y+<8 (1)>®Id®1d, and B*=<(1 0)®1I® )

(1 0)®B*®Id

T2

X

w2 0

w1 1



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0

with

0 1

A = <d O) ® [A1®Id+1d®A2]y+ (8 ;) ®Id®Id, and B* = (

We assume wi = 27 and wy = Q2

6,53/ + Ay =B (:Zl),

(1 0)®Id®B*
(1 0)®B*®Id ’

Spectral analysis

We assume d > 1

o WesetD:={+,—} x A1 x Ao
e For each triple v = (s, A1, A2) € I we set

g

B = (0(7)761

Here we have used again the notation ¢.,. =

() =

1
(>\1 + A2

(1+d)+25(d—1)(>\14_)\2)=

d()\l +A2) if s = =+,
A1+ Az ifs=—

)>®¢1,A1®¢2,x2 ~ A, = a(1)D,, and B*<1>7=(j;~*1).

2,22

Pe,0
B*de,e"

e The family (®- )-er is complete in C* @ L? (1) ® L*(Qy).

16



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

6ty+Ay:B<Zl>,
with
. 1 . (1 0)®ld®B"
A —<0 1)®[A1®Id+ld®A2]y+< O)@Id@ld, and B —<(1 0)®B*®Id .

Equivalent equations with wi (t) := vi(T — t), ua(t) := v2(T — 1)

- T
L ) (ua(t), v /\1(7)>L2 (1) di + f e (uz(t), ¢, A2(A7)>L2(Q2) dt
e D, y0) a0y VY ET

Writing ur (t) = > i, ( L VR us(t) = Y ua,(t Y2,

we arrive to
2 2"
N7 Mool Achy U

T T
fo eia(v)tul,h(w)(t) dt+J;) efa(“/)tuz)q('y) dt = 670(7)T<(I)'Y7y0>L2(Q)’ Vyel.

16



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume w; = Q7 and wz = Qs

Summary

We look for two countable families of functions in L2(0,T) : (u1,x; )area, and (uz,x,)agens St

T T
fo e—o('y)tulel(’y)(t) dt+J;] e—a('v)tu2’>\2('y) dt = 6_0(7)T<q)%y0>L2(Q)’ Vyel.

17



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Summary

We look for two countable families of functions in L2(0,T) : (u1,x; )area, and (uz,x,)agens St

T T
J;) e_o(v)tul,)\l(’y)(t) dt + JO e—a(w)tuz)AQ(’y) dt = 6_0(7)T<(I)'Y7y0>L2(Q)’ Vyel.

This looks like a moment problem but ...
e Each function u1,5, appears in infinitely many equations, namely all those corresponding to
v E Flv\l = {+,*} X {/\1} x Ao,

and the same for each function wus x,.
e The same integral can appear in two different equations. For instance, for a given A1 € Ay
T

T
v=(+ALh) = f e 7 Muy , (t) dt + f e "M ug iy dt = e 7D o) 0 o
0 0

T T
5= (= A h) = L e—a(v)tul’)\1 (t) dt +L e_a("‘/)tuliz dt = e_U(W)T<<I>§,,y0>L2(Q),

It may happen that o(7) = d(A + A2) = (A + A2) = o(7) or even that |o(7) — o(7)] « 1.

17



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)
Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2
Summary

We look for two countable families of functions in L2(0,T) : (u1,x; )area, and (uz,x,)agens St

T T
J;) e_o(v)tul,)\l(’y)(t) dt + JO e—a(w)tuz)AQ(’y) dt = 6_0(7)T<(I)'Y7y0>L2(Q)’ Vyel.

Resolution strategy
e Assume that, for any v € T, we are given two numbers w., 1 and w2 such that
670(7)T<‘1)wy0>L2(9) = Wry,1 + Wy,2.
e The problem is reduced to find (u1,x, )x,ea, @and (uz,x, )2, en, Such that
T T
J e MUy () dt = w,1, and J e "My oy (#) dt = wo 2, Vyel.
0 0

e Putting all in order = infinite countable family of independent “standard” moment problems

T
Foreach A\ € Ay : U e Ty (#) dt = wyn, Yy e I‘ml] (P1,a,),
0

T
Foreach A\; € Az: U e Mhyy s, (8) dt = w0, Yy e F2,>\2] (P2,xy)-
0



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2
\X’here are we ?
We look for (w1, x; )a,en; and (uz,a, )a en, SUch that

T
Foreach A1 € Ay : [J e "My 5\ (#)dt = wyn, Vye Pl,)\1:| (P1,),
0

T
For each As € Ay : U e My s, (8) dt = w0, Yy e F2,>\2] (Pa.x,)
0

where
—0o T
e 7™ <¢)7,y0>L2(Q> = Wy,1 T Wy 2.



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)
Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2
\X’here are we ?

We look for (w1, x; )a,en; and (uz,a, )a en, SUch that

T
Foreach A1 € Ay : [J e "My 5\ (#)dt = wyn, Vye Pl,)\1:| (P1,),
0

T
For each As € Ay : U e My s, (8) dt = w0, Yy e F2,>\2] (Pa.x,)
0

where
—0o T
e 7™ <<I>7,yo>L2(m = Wy,1 + Wy 2.

Issues

e Foragiven \; € Ay, it may exist two different , 5 € 'y, with o(v) = o (7).

/

[This imposes w1 = ww.]

e Foragiven A1 € Ay, it may exist two different ~, 5 € 'y, with [o(y) —o(7)] « 1.

Wy,1 — W51

a(v) —a(9)

‘ This requires a control on

e Similar constraints on we 2 ..
e Can we find such values (w~,1)~er and (w~,2)~er ?

18



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

6_0(7)T<q)’y7 y0>L2(Q) = Wy,1 + Wr,2, V’Y el

(Mw — M) and [o() — o(3)] < p) S

(Azm — Jo(3) and [o(y) — o(3)| < p) R o T

19



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

=3 6_0(7)T<q)'¥7y0>1/2(g) = W~y,1 + Wy,2, Vyel

S ()q(’y) =M (¥) and |o(y) —o(F)| < p) = wy,1 = w5y,1, Vy,7€T,

v | = <>\2(7) =X2(¥) and |o(y) — o(F)] < P) = wy2 =wy2, Vy,y€l.
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The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2
Proposition (Key result)

There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

=: 6_0(7)T<(I>—Y,yo>L2(m = wy,1 t wy,2, Vy€eT

P =

7| = (x\l(v) = M%) and |o(v) —o(9)| < p) = wy1=wy1, ¥y 7el

g <A—’;> y|=: <>\2(7) = X2(§) and |o(y) — o (F)| < P) = Wy2 =ws2, Yv,7€l.

Basic construction: Take any o € I" and choose, for instance, w+,,1 := Ry, and w2 := 0.
Let v, € I such that vo < ;.

Case 7o ﬂ&’ " Case 7o «AL T
1 2

. Wyp,1 2= W1 . Wryp,2 2= W2
No choice : { No choice :
W2 1= Ry — w1 Wyp1 i= Ry — wayy 2.

19



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

=3 6_0(7)T<¢7,y0>L2(Q) = W~y,1 + Wy,2, Vyel

. (Alw — M) and [o() — o(3)] < p) o =

13 = (2a) = 2a(3) and1o(2) = (RN < p) = wrz = wia

Basic construction: Take any o € I" and choose, for instance, w+,,1 := Ry, and w2 := 0.

O O O O O ©
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The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

—o e—o’(’Y)T<CI).Y,y0>L2(Q) = W~y,1 + Wy,2, V’y el
S (Al(’y) =M (¥) and |o(y) —o(F)| < p) = wy,1 = w5y,1, Vy,7€T,
Y= <>\2(7) =X2(¥) and |o(y) — o(F)] < P) = wy2 =wy2, Vy,y€l.

Basic construction: Take any o € I" and choose, for instance, w+,,1 := Ry, and w2 := 0.

DEREE

PEEEE

P
<~
P
Sod
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The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

=3 6_0(7)T<¢7,y0>L2(Q) = W~y,1 + Wy,2, Vyel

S (Al(’y) =M (¥) and |o(y) —o(F)| < p) = wy,1 = w5y,1, Vy,7€T,

Y= <>\2(7) =X2(¥) and |o(y) — o(F)] < P) = wy2 =wy2, Vy,y€l.

Basic construction: Take any o € I" and choose, for instance, w+,,1 := Ry, and w2 := 0.

P P ) Jd d
OO TE ST e
e 9

N Z, cycle = problem !

How to avoid this phenomenon ?
Study of the graph structure of (T, é) and choice of p

19



Q= (0,X1), Q= (0,Xy)

The 2D cartesian case - 2 = ; x (5,
We assume wi = 27 and wy = Q2

Any diffusion ratio d > 0

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

=: 6_6(7)T<q)7>y0>L2(Q) = W~,1 + W~,2, V’Y el

¥ <>\—p1> | =: ()q(’y) =M (¥) and |o(y) —o(F)| < p) = wy,1 = w5y,1, Vy,7€T,
L 5=
13 = (2a) = 2al3) and o) ~ ()] < ) —> wr2 = wsa, Ve,

The graph is a forest
We can find a p > 0, small enough, such that there is no cycle in the graph (I, <),

Moreover, every path P in the graph is finite and its length n satisfies

n<Clo(y)], ~veP.

19



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)

Any diffusion ratio d > 0 We assume w; = Q7 and wz = Qs

Here is the forest (T, <) ..

level 4
J

level 3 O
3 of

level 2 O

levell ) Q

g Z 94| 7
O ﬁ N/i ﬂ
levelo O O S

With this value of p: We can construct all the w.,. and prove the required estimates

lwy o] < Ce T,

20



The 2D cartesiancase - 2 = Q; x Qo, Q1 = (0,X1), Q2 =(0,X>)

Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2

Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

670(7)T<(1>’Ya y0>L2(Q) = Wy + Wr,2, V/Y er

() (Mm:mw) and|a<w>—a<a>|<p) i iy SRAET

(C») (Am — Mo(3) and |o(y) — o(3)| < ,,) i iy W ET.

Now we have to solve infinitely many moment problems

T
For any A1 € Ay, we look for u; , € L*(0,T) st. U e "My () dt = wy 1,
0

e Thanks to property (C1), we can write this problem a follows

T
f G_Utu17,\1 (t) dt = Wo,1, Vo € El’kl = U(Fl)\l).
0
e The family 1,x, = (A1 + A2) J(dA1 + dA2) satisfies:

e Uniform weak gap condition with n = 2.

e Uniform estimate of the counting function Ngml (r) < C/r, Vr>0.

V’Y S F1,>\1:| .

21



The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)
Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2
Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

670(7)T<(1>’Ya y0>L2(Q) = Wy,1 T Wo,2, V/Y el
() (Am) — M) and o(7) — o(3)] < p) i iy SRAET

(C») (Am — Mo(3) and |o(y) — o(3)| < ,,) i iy W ET.

Now we have to solve infinitely many moment problems

T
For any A1 € Ay, we look for u; , € L*(0,T) st. U e Tty () dt = wya, Ve le] .
0

e Thanks to property (C1), we can write this problem a follows

T
f G_Utu17,\1 (t) dt = Wo,1, Vo € El’kl = U(Fl)\l).
0

e Block moment approach ~ Jus,x, With [urx, | < e=C*1 7+ |Jyol.

Indeed, for any group G = {0, 6} we have = 0| evenif|o — &|is very small
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The 2D cartesiancase - QO = Q; x Qy, Q; =(0,X7), Q= (0,X>)
Any diffusion ratio d > 0 We assume wi = 27 and wy = Q2
Proposition (Key result)
There exists p > 0, and two families (w-,1)~er and (w~,2)~er of numbers such that

670(7)T<(1>75 y0>L2(Q) = Wy,1 T Wo,2, V’Y el
() (Alm — M) and o(7) — o(3)] < p) i iy SRAET

(C») (Am — Mo(3) and |o(y) — o(3)| < ,,) i iy W ET.

Now we have to solve infinitely many moment problems

T
For any A1 € Ay, we look for u; , € L*(0,T) st. U e Tty () dt = wya, Ve le] .
0

Conclusion :
e The following series converge

P12
Z U1 )\1 ——l

¥ el

e The same for us ...
e Wearedone! ¥



Examples - Extensions

Example

w2 (9]

w1 T

Extensions

1

8ty1 — Ayl = 0,
Oty2 — Ayz —y1 —3y2 =0

e If we control only on (0,7) x {0} or on {0} x (0, ), this system is not
approximately controllable.

e If we control on the two sides ((0,7) x {0}) |J ({0} x (0,)). the system is
null-controllable at any time T' > 0.

@1
X1




Outline

4. Conclusion

23



Conclusion / Perspectives

Summary

e Boundary controllability of coupled parabolic systems can be intricate:
e Geometric conditions on the support of the control.
e Positive minimal null-control time may appear.
e Inthe 1D case
e The moment method approach is powerful (yet limited to time invariant systems ...)
e Block moment approach let us handle spectral condensation phenomena
e Uniform estimates with respect to the family of eigenvalues (in a certain class)
e In the multi-D case
e Cartesian setting : reduce the problem to the study of a coupled set of infinitely many “1D" systems.
The block moment approach helps
e General geometries : Almost no result as far as | know ...

Extension of the block moment approach to non scalar control problems (B. - Morancey, '21)

Theorem (Two boundary controls)
The following system is null-controllable at any time T' > 0

Oy + (‘ff” _%2>y + (‘; 8>y =0, y(t,0)= ('“O(t)>, y(t,1) = <Zz§2>



Thanks for your attention !
Questions ?

& A BENABDALLAH, F.B., M. MORANCEY, A block moment method to handle spectral condensation
phenomenon in parabolic control problems, Annales Henri Lebesgue, Vol. 3, pp. 717-793 (2020)

https://doi.org/10.5802/ahl.45
& FB. G.OLIVE, Boundary null-controllability of some multi-dimensional linear parabolic systems by the
moment method, preprint, (2021)
https://hal.archives-ouvertes.fr/hal-03175706
& F.B. M. MORANCEY, Analysis of non scalar control problems for parabolic systems by the block moment
method, preprint, (2021)
https://hal.archives-ouvertes.fr/hal-02397706
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