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The system we are interested in

• Let T ą 0, d ą 0 be given.
• Let Ω Ă Rn be a bounded domain and γ Ă BΩ.

Is the following system null-controllable at time T ?
$

’

’

&

’

’

%

Bty `

˜

´d∆ 0

0 ´∆

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ Ω,

y “ 1γ

˜

1

0

¸

v, on p0, T q ˆ BΩ.

Di�culties

• Two components in the state y but only one control v.
• This is a boundary control system with a control localised on γ .
• Geometry :

• In 1D : the problem is now well understood
• In higher dimension : very few results in general

• Di�usion ratio d :
• Case d “ 1 : The analysis is now quite “standard”
• Case d ‰ 1 : The analysis is much more intricate

Aim of the talk : state a result concerning the case d ‰ 1 in a 2D cartesian geometry
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Remarks

$

’

’

&

’

’

%

Bty `

˜

´d∆ 0

0 ´∆

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ Ω,

y “ 1γ

˜

1

0

¸

v, on p0, T q ˆ BΩ.

Which tool can we use ?

é Lebeau-Robbiano type strategy

é Global Carleman inequalities

Ë Moment method

Generalizations

• ´∆ can be replaced by another elliptic operator A (with some care ...)

• The coupling matrix
˜

0 0

1 0

¸

can be replaced by any coupling matrixM “

˜

m11 m12

m21 m22

¸

as soon

as the Kalman condition holds
m21 ‰ 0.

5



Outline

1. Introduction

2. The 1D case

2.1 Di�usion ratio d “ 1

2.2 Di�usion ratio d ‰ 1

2.3 Interlude - the block moment method

3. The 2D case

3.1 Di�usion ratio d “ 1

3.2 Di�usion ratio d ‰ 1

4. Conclusion

6



2. The 1D case

2.1. Di�usion ratio d “ 1



The 1D case - Ω “ p0, 1q

Di�usion ratio d “ 1

(Fernández–Cara - González–Burgos - de Teresa, ’10) (Ammar–Khodja - Benabdallah - González–Burgos - de Teresa, ’11)

Theorem

The following system

pSq

$

’

’

&

’

’

%

Bty `

˜

´B
2
x 0

0 ´B
2
x

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ p0, 1q,

y “ 1x“0

˜

1

0

¸

v, on p0, T q ˆ t0, 1u.

is null-controllable at any time T ą 0.

7



The 1D case - Ω “ p0, 1q

Di�usion ratio d “ 1

(Fernández–Cara - González–Burgos - de Teresa, ’10) (Ammar–Khodja - Benabdallah - González–Burgos - de Teresa, ’11)

Theorem

The following system

pSq
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’

&
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%

Bty `

˜

´B
2
x 0

0 ´B
2
x

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ p0, 1q,

y “ 1x“0

˜

1

0

¸

v, on p0, T q ˆ t0, 1u.

is null-controllable at any time T ą 0.

Generalization : for any coupling matrixM , the same result holds if and only if we have both

• Kalman condition :
m21 ‰ 0

• Non resonance condition : for any θ, θ̃ P σpMq, λ, λ̃ P σp´B2
xq

`

θ ` λ “ θ̃ ` λ̃
˘

ùñ
`

θ “ θ̃ and λ “ λ̃
˘

.
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The 1D case - Ω “ p0, 1q

Di�usion ratio d “ 1

(Fernández–Cara - González–Burgos - de Teresa, ’10) (Ammar–Khodja - Benabdallah - González–Burgos - de Teresa, ’11)

Theorem

A “
˜

1 0

0 1

¸

b p´B
2
xq `

˜

0 0

1 0

¸

b Id, and B “
˜

1

0

¸

bB, with B‹ “ ´pBxq|x“0.

pSq Bty `Ay “ Bv,

System (S) is null-controllable at any time T ą 0.

Moreover, }v}L2p0,T q ď e
C
T }y0}.

Slight change of formalism : We identify L2
p0, 1;C2

q with the tensor product C2
b L2

p0, 1q.
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Di�usion ratio d “ 1
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xq `

˜
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¸

b Id, and B “
˜

1

0

¸

bB, with B‹ “ ´pBxq|x“0.

pSq Bty `Ay “ Bv,

System (S) is null-controllable at any time T ą 0.

Moreover, }v}L2p0,T q ď e
C
T }y0}.

Sketch of proof : Let Λ :“ σp´B2
xq and pφλqλPΛ the associated eigenfunctions

Set Φ0
λ :“

˜

1

0

¸

b φλ and Φ1
λ :“

˜

0

1

¸

b φλ.

A‹Φ0
λ “ λΦ0

λ, B‹Φ0
λ “ B‹φλ “ ´φ

1
λp0q „ C

?
λ,

A‹Φ1
λ “ λΦ1

λ ` Φ0
λ, B‹Φ1

λ “ 0.

Equivalent moment problem

we set uptq :“ vpT ´ tq

$

’

’

’

&

’

’

’

%

pB‹Φ0
λq

ż T

0

e´λpT´tqvptq dt “ ´e´λT xy0,Φ
0
λy, @λ P Λ,

pB‹Φ0
λq

ż T

0

pT ´ tqe´λpT´tqvptq dt “ ´e´λT xy0,Φ
1
λ ´ TΦ0

λy, @λ P Λ.
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ż T

0

e´λtuptq dt “ ´e´λT xy0,Ψ
0
λy, @λ P Λ,

ż T

0

te´λtuptq dt “ ´e´λT xy0,Ψ
1
λ ´ TΨ0

λy, @λ P Λ,

with

Ψj
λ :“

Φjλ
B‹Φ0

λ

.
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Di�usion ratio d “ 1
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Sketch of proof :

Equivalent moment problem
$

’

’

’

&

’

’

’

%

ż T

0

e´λtuptq dt “ ω0
λ, @λ P Λ,

ż T

0

te´λtuptq dt “ ω1
λ, @λ P Λ

with

|ωjλ| ď Ce´λT , @λ P Λ,@j P t0, 1u.

Solution : uptq “
ÿ

λPΛ

pω0
λq

0
λptq ` ω

1
λq

1
λptqq,

where pqjλqλ,j Ă L2
p0, T q satis�es :

ż T

0

tie´µtqjλptq dt “ δλ,µδi,j .

Such a family exists and satis�es

}qjλ}L2p0,T q ď CT e
εpλqλ, lim

λÑ`8
εpλq “ 0
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ą

0
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2. The 1D case

2.2. Di�usion ratio d ‰ 1



The 1D case - Ω “ p0, 1q

Di�usion ratio d ‰ 1

(Ammar–Khodja - Benabdallah - González–Burgos - de Teresa, ’14)

Theorem

A “
˜

d 0

0 1

¸

b p´B
2
xq `

˜

0 0

1 0

¸

b Id, and B “
˜

1

0

¸

bB, with B‹ “ ´pBxq|x“0.

pSq Bty `Ay “ Bv,

There exists aminimal null-control time T0pdq P r0,`8s :
System (S) is NC at any time T ą T0pdq and is not NC at any time T ă T0pdq.

Remarks :

• There is an in�nite countable set of values of d for which the system is even not
approximately controllable.
• For any τ P r0,`8s there exist (many) values of d such that

T0pdq “ τ.

• The same system with distributed control is null-controllable at any time T ą 0.
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The 1D case - Ω “ p0, 1q

Di�usion ratio d ‰ 1

(Ammar–Khodja - Benabdallah - González–Burgos - de Teresa, ’14)
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0 1
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0 0
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˜
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0

¸
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There exists aminimal null-control time T0pdq P r0,`8s :
System (S) is NC at any time T ą T0pdq and is not NC at any time T ă T0pdq.

Spectral analysis

• For any λ P Λ we set

Φdλ :“

˜

1

0

¸

b φλ ñ A‹Φdλ “ dλΦdλ and B‹Φdλ “ ´φ1λp0q ‰ 0.

• For any µ P Λ we set

rΦµ :“

˜

1
µp1´dq

1

¸

b φµ ñ A‹rΦµ “ µrΦµ and B‹rΦµ “ ´
φ1µp0q

µp1´ dq
‰ 0.

Approximate controllabilityðñ ΛX dΛ “ H.
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Di�usion ratio d ‰ 1
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Necessary null-controllability condition We assume ΛX dΛ “ H

Φdλ “

˜

1

0

¸

b φλ, Φµ “

˜

1
µp1´dq

1

¸

b φµ, Ψ‚ “
Φ‚
B‹Φ‚

If a control v exists with }v} ď CT }y0}, we have Recall that up¨q “ vpT ´ ¨q
ż T

0

e´dλtuptq dt “ ´e´dλT xy0,Ψdλy,

ż T

0

e´µtuptq dt “ ´e´µT xy0,Ψµy.
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If a control v exists with }v} ď CT }y0}, we have Recall that up¨q “ vpT ´ ¨q
ż T

0

ˆ

edλT
e´dλt ´ e´µt

dλ´ µ
`
edλT ´ eµT

dλ´ µ
e´µt

˙

uptq dt “ ´

B

y0,
Ψdλ ´Ψµ

dλ´ µ

F

.

ùñ

›

›

›

›

Ψdλ ´Ψµ

dλ´ µ

›

›

›

›

ď CT e
µT

ùñ
e´µT

|dλ´ µ|
ď C̃T ùñ T ě T0pdq :“ lim sup

λ,µÑ8
|dλ´µ|ď1

´ ln |dλ´ µ|

µ
.
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There exists aminimal null-control time T0pdq P r0,`8s :
System (S) is NC at any time T ą T0pdq and is not NC at any time T ă T0pdq.

Su�cient null-controllability condition

The moment problem is solved as follows

uptq “
ÿ

λPΛ

ωdλqdλptq `
ÿ

µPΛ

ωµqµptq,

where pq‚q is a biorthogonal family
ż T

0

e´σ̃tqσptq dt “ δσ,σ̃, @σ, σ̃ P ΛY dΛ.

Such a biorthogonal family exists and satis�es

}qσ}L2p0,T q ď CT e

`

cpΛYdΛq`εpσq
˘

σ,@σ P ΛY dΛ.

cp‚q :“ condensation index of a family in C.
If T ą cpΛY dΛq the series converges Ë

In our case : cpΛY dΛq “ T0pdq.
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In our case : cpΛY dΛq “ T0pdq.
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2. The 1D case

2.3. Interlude - the block moment method



The 1D case - Ω “ p0, 1q

Interlude - the block moment method (Benabdallah - B. - Morancey, ’20)

Question

Is it always true that

Eigenvalues condensate ùñ No short-time null-controllabity ?

Example

A “
˜

1 0

0 1

¸

b p´B
2
xq `

˜

0 0

0 1

¸

b apxq `

˜

0 0

1 0

¸

b Id, and B “
˜

1

0

¸

bB, with B‹ “ ´pBxq|x“0.

pSq Bty `Ay “ Bv,

We set Λa :“ σp´B2
x ` aq and pφa,λqλPΛa are the associated eigenfunctions.

Theorem (The answer is NO)

There are (plenty) of coe�cients a P L8p0, 1q such that the condensation index satis�es

cpΛY Λaq ą 0,

but, however, system pSq is null-controllable at any time T ą 0.
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The 1D case - Ω “ p0, 1q

Interlude - the block moment method (Benabdallah - B. - Morancey, ’20)

A “
˜

1 0

0 1

¸

b p´B
2
xq `

˜

0 0

0 1

¸

b apxq `

˜

0 0

1 0

¸

b Id, and B “
˜

1

0

¸

bB, with B‹ “ ´pBxq|x“0.

pSq Bty `Ay “ Bv,

Spectral analysis (with some cheating ...) We assume ΛX Λa “ H

• For any µ P Λa, we set

Φµ :“

˜

1

0

¸

b φa,µ ñ A‹Φµ “ µΦµ, and B‹Φµ “ ´φ1a,µp0q.

• For any λ P Λ, we set

Φλ :“

˜

0

1

¸

b φλ `

˜

1

0

¸

b ψλ, ñ A‹Φλ “ λΦλ, and B‹Φλ “ ´ψ1λp0q ‰ 0,

where ψλ P H1
0 p0, 1q is the unique solution to

p´B
2
x ` aqψλ “ λψλ ´ φλ.
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The 1D case - Ω “ p0, 1q

Interlude - the block moment method (Benabdallah - B. - Morancey, ’20)
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1
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¸
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Spectral analysis (with some cheating ...) We assume ΛX Λa “ H

Φµ “

˜

1

0

¸

b φa,µ, for µ P Λa, Φλ “

˜

0

1

¸

b φλ `

˜

1

0

¸

b ψλ, for λ P Λ, Ψ‚ “
Φ‚
B‹Φ‚

.

Necessary null-controllability condition T ě lim sup
λPΛ,µPΛa
λ,µÑ8

ln
›

›

›

Ψλ´Ψµ
λ´µ

›

›

›

λ
.

Let λ P Λ and µ P Λa, |λ´ µ| ! 1.

We can prove that ψλ «
φa,µ
λ´ µ

`Op1q, ñ B‹Φλ «
?
µ

λ´ µ
,

Ψµ «
1
?
µ

˜

1

0

¸

b φa,µ, Ψλ «
λ´ µ
?
µ

˜

0

1

¸

b φλ `
1
?
µ

˜

1

0

¸

b φa,µ `Op|λ´ µ|q
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The 1D case - Ω “ p0, 1q

Interlude - the block moment method (Benabdallah - B. - Morancey, ’20)
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We can prove that ψλ «
φa,µ
λ´ µ

`Op1q, ñ B‹Φλ «
?
µ

λ´ µ
,
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“ Op1q ùñ No obstruction to small time null-controllability .

10



The 1D case - Ω “ p0, 1q

Interlude - the block moment method (Benabdallah - B. - Morancey, ’20)

A “
˜

1 0

0 1

¸

b p´B
2
xq `

˜

0 0

0 1

¸

b apxq `

˜

0 1

0 0

¸

b Id, and B “
˜

0

1

¸

bB, with B‹ “ ´pBxq|x“0.

pSq Bty `Ay “ Bv,

Solving the moment equations
ż T

0

e´σtuptq dt “ ´e´σT xy0,Ψσy, @σ P ΛY Λa,

The usual way

uptq “
ÿ

σPΛYΛa

ωσqσptq

é Only works for T ą cpΛY Λaq since

}qσ}L2p0,T q ď CT e
pcpΛYΛaq`εpσqqσ.
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é Only works for T ą cpΛY Λaq since

}qσ}L2p0,T q ď CT e
pcpΛYΛaq`εpσqqσ.

The block moment way
Let G “ tλ, µu, λ P Λ, µ P Λa with |λ´ µ| ! 1.
We can �nd a uG P L2

p0, T q such that
$

’

’

’

&

’

’

’

%

ż T

0

e´σtuGptq dt “ ´e
´σT

xy0,Ψσy, @σ P G,

ż T

0

e´σtuGptq dt “ 0, @σ P pΛY ΛaqzG,

with }uG}L2p0,T q ď CT e
´λT

ˆ

}Ψλ} `

›

›

›

›

Ψλ ´Ψµ

λ´ µ

›

›

›

›

˙

.
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é Only works for T ą cpΛY Λaq since

}qσ}L2p0,T q ď CT e
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The block moment way

ΛY Λa “
ğ

kě1

Gk,

with diampGkq ď ρ, #Gk ď 2.

Then, without any condition on T , the function

u “
ÿ

kě1

uGk ,

is well-de�ned in L2
p0, T q and gives a suitable control.

11



The block moment method

Statement precised (Benabdallah - B. - Morancey, ’20) (B. - Morancey, ’21)

De�nition

Let κ ą 0, ρ ą 0, n P N˚. We de�ne Lwpn, ρ, κq as the set of all the S Ă r0,`8r satisfying

Asymptotic behavior : NSprq :“ #
`

S X r0, rq
˘

ď κ
?
r, @r ą 0,

Weak gap condition : #
`

S X rµ, µ` ρs
˘

ď n, @µ ě 0.

Any such set can be written S “
Ů

kě1 Gk with

#Gk ď n, diampGkq ď ρ, dpGk, Gk`1q ě
ρ

n
.

Theorem (in the case n “ 2)

There exists C ą 0 depending only on ρ and κ such that, for any pωσqσPS Ă R, for any T ą 0,
k ě 1, there exists a uk P L2

p0, T q satisfying the

Partial moment problem
ż T

0

e´σtukptq dt “

#

ωσ, if σ P Gk,

0, if σ R Gk,

Uniform estimate }uk}L2p0,T q ď CeC
?
σk logpσkq`

C
T

ˆ

|ωσk | `

ˇ

ˇ

ˇ

ˇ

ωσk ´ ωσ̃k
σk ´ σ̃k

ˇ

ˇ

ˇ

ˇ

˙

, where Gk “ tσk, σ̃ku.
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3. The 2D case

3.1. Di�usion ratio d “ 1



The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Di�usion ratio d “ 1 (Benabdallah - B. - González–Burgos - Olive, ’14)
x2

x1

Ω

0

X2

X1

ω2

$

’

’

&

’

’

%

Bty `

˜

´∆ 0

0 ´∆

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ Ω,

y “ 1t0uˆω2

˜

1

0

¸

v, on p0, T q ˆ BΩ.

Theorem (with L2
pΩ;C2

q « C2
b L2

pΩ1q b L
2
pΩ2q)

For any non empty ω2 Ă Ω2, the following system

pSq Bty `

˜

1 0

0 1

¸

b

„

b Id` Idb



y `

˜

0 0

1 0

¸

b Idb Id y “

˜

1

0

¸

bB b 1ω2 v,

is null-controllable at any time T ą 0.

Less straightforward case : ω2 Ł Ω2

Use a Lebeau-Robbiano approach to combine the following ingredients (Miller, ’10)

1. The system with ω2 “ Ω2 is null-controllable at any time τ ą 0 with cost e
C
τ .

2. Spectral LR inequality : }ψ} ď CeC
?
µ
}1ω2ψ}, @ψ P E2,µ :“ Spanpφ2,λ2 , λ2 ď µq.

3. Dissipation
}e´tA

‹

ψ} ď Ce´µt}Ψ}, @Ψ P L2
pΩ1q b

`

E2,µ

˘K
.
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x2

x1

Ω

0

X2

X1

ω2

$

’

’

&

’

’

%

Bty `

˜

´∆ 0

0 ´∆

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ Ω,

y “ 1t0uˆω2

˜

1

0

¸

v, on p0, T q ˆ BΩ.

Theorem (with L2
pΩ;C2

q « C2
b L2

pΩ1q b L
2
pΩ2q)

For any non empty ω2 Ă Ω2, the following system

pSq Bty `

˜

1 0

0 1

¸

b

„

A1 b Id` IdbA2



y `M b Idb Id y “

˜

1

0

¸

bB b 1ω2 v,

is null-controllable at any time T ą 0.

Straighforward case : ω2 “ Ω2 Λ2 “ σpA2q, eigenf. pφ2,λ2qλ2PΛ2

Decomposition of the solution and the control y “
ÿ

λ2PΛ2

yλ2 b φ2,λ2 , v “
ÿ

λ2PΛ2

vλ2φ2,λ2 .

For each λ2 P Λ2, we are led to a 1D control problem for yλ2ptq P C2
b L2

pΩ1q with vλ2ptq P C

Btyλ2 `

˜

1 0

0 1

¸

b pA1 ` λ2qyλ2 `M b Id yλ2 “

˜

1

0

¸

bB vλ2 ,

Less straightforward case : ω2 Ł Ω2

Use a Lebeau-Robbiano approach to combine the following ingredients (Miller, ’10)

1. The system with ω2 “ Ω2 is null-controllable at any time τ ą 0 with cost e
C
τ .

2. Spectral LR inequality : }ψ} ď CeC
?
µ
}1ω2ψ}, @ψ P E2,µ :“ Spanpφ2,λ2 , λ2 ď µq.

3. Dissipation
}e´tA

‹

ψ} ď Ce´µt}Ψ}, @Ψ P L2
pΩ1q b

`

E2,µ

˘K
.
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3. The 2D case

3.2. Di�usion ratio d ‰ 1



The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0
x2

x1

Ω

0

X2

X1

ω2

$

’

’

&

’

’

%

Bty `

˜

´d∆ 0

0 ´∆

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ Ω,

y “ 1t0uˆω2

˜

1

0

¸

v, on p0, T q ˆ BΩ.

A few comments

• Even if ω2 “ Ω2, null-controllability does not hold for T ă T0pdq.

• If T0pdq “ 0 : null-controllability holds at any time T ą 0.

• If T0pdq ą 0 and ω2 Ĺ Ω2: We don’t know if NC holds for T ą T0pdq !!
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0
x2

x1

Ω

0

X2

X1
ω1

ω2

$

’

’

&

’

’

%

Bty `

˜

´d∆ 0

0 ´∆

¸

y `

˜

0 0

1 0

¸

y “ 0, in p0, T q ˆ Ω,

y “ 1`
ω1ˆt0u

˘

Y

`

t0uˆω2

˘

˜

1

0

¸

v, on p0, T q ˆ BΩ.

What about controlling also on another side of the rectangle ?

• Approximate controllability holds for any value of d.
• For d “ 1 and any coupling matrixM that satis�es Kalman condition (m21 ‰ 0) : approximate
controllability holds. (Olive, ’14)

The “geometry” of the control support matters !

Question

What can be said concerning null-controllability ?

(B. - Olive, ’21)

Theorem

For any d ą 0, and anyM satisfying the Kalman conditionm21 ‰ 0, the following system

pSq Bty `

˜

d 0

0 1

¸

b

„

A1 b Id` IdbA2



y `M b Idb Id y “

˜

1

0

¸

b 1ω1 bB v1 `

˜

1

0

¸

bB b 1ω2 v2,

is null-controllable at any time T ą 0 and we have the estimate }v}L2pp0,T qˆBΩq ď e
C
T }y0}.

Even for d “ 1, this is a new result since there is no “non resonance” condition !
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Bty `Ay “ B
˜

v1

v2

¸

,

with

A‹ “
˜

d 0

0 1

¸

b

„

A1 b Id` IdbA2



y `

˜

0 1

0 0

¸

b Idb Id, and B‹ “

˜
´

1 0
¯

b IdbB‹
´

1 0
¯

bB‹ b Id

¸

.

x2

x1

Ω

0

X2

X1
ω1

ω2
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Bty `Ay “ B
˜

v1

v2

¸

,

with

A‹ “
˜

d 0

0 1

¸

b

„

A1 b Id` IdbA2



y `

˜

0 1

0 0

¸

b Idb Id, and B‹ “

˜
´

1 0
¯

b IdbB‹
´

1 0
¯

bB‹ b Id

¸

.

Spectral analysis We assume d ą 1

• We set Γ :“ t`,´u ˆ Λ1 ˆ Λ2.
• For each triple γ “ ps, λ1, λ2q P Γ we set

σpγq :“
p1` dq ` spd´ 1q

2
pλ1 ` λ2q “

$

&

%

dpλ1 ` λ2q if s “ `,

λ1 ` λ2 if s “ ´

Φγ :“

˜

1

σpγq ´ dpλ1 ` λ2q

¸

b ψ1,λ1 b ψ2,λ2 ñ A‹Φγ “ σpγqΦγ , and B‹Φγ “
˜

ψ1,λ1

ψ2,λ2

¸

.

Here we have used again the notation ψ‚,‚ “
φ‚,‚

B‹φ‚,‚
.

• The family pΦγqγPΓ is complete in C2
b L2

pΩ1q b L
2
pΩ2q.
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Bty `Ay “ B
˜

v1

v2

¸

,

with

A‹ “
˜

d 0

0 1

¸

b

„

A1 b Id` IdbA2



y `

˜

0 1

0 0

¸

b Idb Id, and B‹ “

˜
´

1 0
¯

b IdbB‹
´

1 0
¯

bB‹ b Id

¸

.

Equivalent equations with u1ptq :“ v1pT ´ tq, u2ptq :“ v2pT ´ tq

ż T

0

e´σpγqt
@

u1ptq, ψ1,λ1pγq

D

L2pΩ1q
dt`

ż T

0

e´σpγqt
@

u2ptq, ψ2,λ2pγq

D

L2pΩ2q
dt

“ e´σpγqT
@

Φγ , y0

D

L2pΩq
, @γ P Γ.

Writing u1ptq “
ÿ

λ1PΛ1

u1,λ1ptq
ψ1,λ1

}ψ1,λ1}
2
and u2ptq “

ÿ

λ1PΛ1

u2,λ2ptq
ψ2,λ2

}ψ2,λ2}
2
, we arrive to

ż T

0

e´σpγqtu1,λ1pγqptq dt`

ż T

0

e´σpγqtu2,λ2pγq dt “ e´σpγqT
@

Φγ , y0

D

L2pΩq
, @γ P Γ.
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Summary

We look for two countable families of functions in L2
p0, T q : pu1,λ1qλ1PΛ1 and pu2,λ2qλ2PΛ2 s.t.

ż T

0

e´σpγqtu1,λ1pγqptq dt`

ż T

0

e´σpγqtu2,λ2pγq dt “ e´σpγqT
@

Φγ , y0

D

L2pΩq
, @γ P Γ.
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Summary

We look for two countable families of functions in L2
p0, T q : pu1,λ1qλ1PΛ1 and pu2,λ2qλ2PΛ2 s.t.

ż T

0

e´σpγqtu1,λ1pγqptq dt`

ż T

0

e´σpγqtu2,λ2pγq dt “ e´σpγqT
@

Φγ , y0

D

L2pΩq
, @γ P Γ.

This looks like a moment problem but ...

• Each function u1,λ1 appears in in�nitely many equations, namely all those corresponding to

γ P Γ1,λ1 :“ t`,´u ˆ tλ1u ˆ Λ2,

and the same for each function u2,λ2 .
• The same integral can appear in two di�erent equations. For instance, for a given λ1 P Λ1

γ “ p`, λ1, λ2q ùñ

ż T

0

e´σpγqtu1,λ1ptq dt`

ż T

0

e´σpγqtu2,λ2 dt “ e´σpγqT
@

Φγ , y0

D

L2pΩq
,

γ̃ “ p´, λ1, λ̃2q ùñ

ż T

0

e´σpγ̃qtu1,λ1ptq dt`

ż T

0

e´σpγ̃qtu2,λ̃2
dt “ e´σpγ̃qT

@

Φγ̃ , y0

D

L2pΩq
,

It may happen that σpγq “ dpλ1 ` λ2q “ pλ1 ` λ̃2q “ σpγ̃q or even that |σpγq ´ σpγ̃q| ! 1.
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Summary

We look for two countable families of functions in L2
p0, T q : pu1,λ1qλ1PΛ1 and pu2,λ2qλ2PΛ2 s.t.

ż T

0

e´σpγqtu1,λ1pγqptq dt`

ż T

0

e´σpγqtu2,λ2pγq dt “ e´σpγqT
@

Φγ , y0

D

L2pΩq
, @γ P Γ.

Resolution strategy

• Assume that, for any γ P Γ, we are given two numbers ωγ,1 and ωγ,2 such that

e´σpγqT
@

Φγ , y0

D

L2pΩq
“ ωγ,1 ` ωγ,2.

• The problem is reduced to �nd pu1,λ1qλ1PΛ1 and pu2,λ2qλ1PΛ2 such that
ż T

0

e´σpγqtu1,λ1pγqptq dt “ ωγ,1, and
ż T

0

e´σpγqtu2,λ2pγqptq dt “ ωγ,2, @γ P Γ.

• Putting all in orderñ in�nite countable family of independent “standard” moment problems

For each λ1 P Λ1 :
„
ż T

0

e´σpγqtu1,λ1ptq dt “ ωγ,1, @γ P Γ1,λ1



pP1,λ1q,

For each λ2 P Λ2 :
„
ż T

0

e´σpγqtu2,λ2ptq dt “ ωγ,2, @γ P Γ2,λ2



pP2,λ2q.
17



The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Where are we ?

We look for pu1,λ1qλ1PΛ1 and pu2,λ2qλ1PΛ2 such that

For each λ1 P Λ1 :
„
ż T

0

e´σpγqtu1,λ1ptq dt “ ωγ,1, @γ P Γ1,λ1



pP1,λ1q,

For each λ2 P Λ2 :
„
ż T

0

e´σpγqtu2,λ2ptq dt “ ωγ,2, @γ P Γ2,λ2



pP2,λ2q.

where
e´σpγqT

@

Φγ , y0

D

L2pΩq
“ ωγ,1 ` ωγ,2.

Issues

• For a given λ1 P Λ1, it may exist two di�erent γ, γ̃ P Γ1,λ1 with σpγq “ σpγ̃q.

This imposes ωγ,1 “ ωγ̃,1.

• For a given λ1 P Λ1, it may exist two di�erent γ, γ̃ P Γ1,λ1 with |σpγq ´ σpγ̃q| ! 1.

This requires a control on

ˇ

ˇ

ˇ

ˇ

ωγ,1 ´ ωγ̃,1
σpγq ´ σpγ̃q

ˇ

ˇ

ˇ

ˇ

• Similar constraints on ω‚,2 ...
• Can we �nd such values pωγ,1qγPΓ and pωγ,2qγPΓ ?
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Proposition (Key result)

There exists ρ ą 0, and two families pωγ,1qγPΓ and pωγ,2qγPΓ of numbers such that

Rγ “:

e´σpγqT
@

Φγ , y0

D

L2pΩq
“ ωγ,1 ` ωγ,2, @γ P Γ

γ
ρ
ðñ γ̃ “:

$

’

’

’

&

’

’

’

%

γ
ρ
ÐÑ
λ1

γ̃ “:

ˆ

λ1pγq “ λ1pγ̃q and |σpγq ´ σpγ̃q| ď ρ

˙

ùñ ωγ,1 “ ωγ̃,1, @γ, γ̃ P Γ,

γ
ρ
ÐÑ
λ2

γ̃ “:

ˆ

λ2pγq “ λ2pγ̃q and |σpγq ´ σpγ̃q| ď ρ

˙

ùñ ωγ,2 “ ωγ̃,2, @γ, γ̃ P Γ.

The graph is a forest

We can �nd a ρ ą 0, small enough, such that there is no cycle in the graph pΓ,
ρ
ðñq.

Moreover, every path P in the graph is �nite and its length n satis�es

n ď C|σpγq|, γ P P.
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Basic construction: Take any γ0 P Γ and choose, for instance, ωγ0,1 :“ Rγ0 and ωγ0,2 :“ 0.

Let γ1 P Γ such that γ0
ρ
ðñ γ1.

Case γ0
ρ
ÐÑ
λ1

γ1

No choice :

#

ωγ1,1 :“ ωγ0,1

ωγ1,2 :“ Rγ1 ´ ωγ1,1.

Case γ0
ρ
ÐÑ
λ2

γ1

No choice :

#

ωγ1,2 :“ ωγ0,2

ωγ1,1 :“ Rγ1 ´ ωγ1,2.

The graph is a forest

We can �nd a ρ ą 0, small enough, such that there is no cycle in the graph pΓ,
ρ
ðñq.

Moreover, every path P in the graph is �nite and its length n satis�es

n ď C|σpγq|, γ P P.
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Rγ “: e´σpγqT
@

Φγ , y0

D

L2pΩq
“ ωγ,1 ` ωγ,2, @γ P Γ

γ
ρ
ðñ γ̃ “:

$

’

’

’

&

’

’

’

%

γ
ρ
ÐÑ
λ1

γ̃ “:

ˆ

λ1pγq “ λ1pγ̃q and |σpγq ´ σpγ̃q| ď ρ

˙

ùñ ωγ,1 “ ωγ̃,1, @γ, γ̃ P Γ,

γ
ρ
ÐÑ
λ2

γ̃ “:

ˆ

λ2pγq “ λ2pγ̃q and |σpγq ´ σpγ̃q| ď ρ

˙

ùñ ωγ,2 “ ωγ̃,2, @γ, γ̃ P Γ.

Basic construction: Take any γ0 P Γ and choose, for instance, ωγ0,1 :“ Rγ0 and ωγ0,2 :“ 0.

γ0 γ1 γ2 γ3 γ4 γ5

γ6 γ7

ρ
ðñ

ρ
ðñ

ρ
ðñ

ρ
ðñ

ρ
ðñ

ρðñ

ρ
ðñ

ρ
ðñ cycle = problem !

How to avoid this phenomenon ?
Study of the graph structure of pΓ,

ρ
ðñq and choice of ρ

The graph is a forest

We can �nd a ρ ą 0, small enough, such that there is no cycle in the graph pΓ,
ρ
ðñq.

Moreover, every path P in the graph is �nite and its length n satis�es

n ď C|σpγq|, γ P P.
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The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Here is the forest pΓ,
ρ
ðñq ...

level 0

level 1

level 2

level 3

level 4

ρ
ðñρðñ

ρ
ðñ

ρ
ðñρðñ

ρ
ðñ

ρ
ðñ

ρ
ðñ

ρðñ ρ
ðñ

ρ
ðñ

ρ
ðñ

ρðñ

ρ
ðñ

ρ
ðñ

ρðñ

ρ
ðñ

ρ
ðñ

ρ
ðñ

ρ
ðñ

ρðñ

ρ
ðñ

ρ
ðñ

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

With this value of ρ : We can construct all the ω‚,‚ and prove the required estimates

|ωγ,‚| ď Ce´σpγqT .

20



The 2D cartesian case - Ω “ Ω1 ˆ Ω2, Ω1 “ p0, X1q, Ω2 “ p0, X2q

Any di�usion ratio d ą 0 We assumeω1 “ Ω1 andω2 “ Ω2

Proposition (Key result)

There exists ρ ą 0, and two families pωγ,1qγPΓ and pωγ,2qγPΓ of numbers such that

e´σpγqT
@

Φγ , y0

D

L2pΩq
“ ωγ,1 ` ωγ,2, @γ P Γ

pC1q

ˆ

λ1pγq “ λ1pγ̃q and |σpγq ´ σpγ̃q| ď ρ

˙

ùñ ωγ,1 “ ωγ̃,1, @γ, γ̃ P Γ,

pC2q

ˆ

λ2pγq “ λ2pγ̃q and |σpγq ´ σpγ̃q| ď ρ

˙

ùñ ωγ,2 “ ωγ̃,2, @γ, γ̃ P Γ.

Now we have to solve in�nitely many moment problems

For any λ1 P Λ1, we look for u1,λ1 P L
2
p0, T q s.t.

„
ż T

0

e´σpγqtu1,λ1ptq dt “ ωγ,1, @γ P Γ1,λ1



.

• Thanks to property pC1q, we can write this problem a follows
ż T

0

e´σtu1,λ1ptq dt “ ωσ,1, @σ P Σ1,λ1 :“ σpΓ1,λ1q.

• The family Σ1,λ1 “ pλ1 ` Λ2q
Ť

pdλ1 ` dΛ2q satis�es:
• Uniform weak gap condition with n “ 2.
• Uniform estimate of the counting function NΣ1,λ1

prq ď C
?
r, @r ą 0.

• The following series converge

u1ptq “
ÿ

λ1PΛ1

u1,λ1ptq
ψ1,λ1

}ψ1,λ1}
2
.

• The same for u2 ...
• We are done !Ë
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• Block moment approach Du1,λ1 with }u1,λ1} ď e´Cλ1T`
C
T }y0}.

Indeed, for any group Gk “ tσ, σ̃u we have
ωσ,1 ´ ωσ̃,1
σ ´ σ̃

“ 0 , even if |σ ´ σ̃| is very small.
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.

Conclusion :
• The following series converge

u1ptq “
ÿ

λ1PΛ1

u1,λ1ptq
ψ1,λ1

}ψ1,λ1}
2
.

• The same for u2 ...
• We are done !Ë 21



Examples - Extensions

Example

x2

x1

Ω

0

π

πω1

ω2

#

Bty1 ´∆y1 “ 0,

Bty2 ´∆y2 ´ y1 ´ 3y2 “ 0

• If we control only on p0, πq ˆ t0u or on t0u ˆ p0, πq, this system is not
approximately controllable.

• If we control on the two sides
`

p0, πq ˆ t0u
˘
Ť

`

t0u ˆ p0, πq
˘

, the system is
null-controllable at any time T ą 0.

Extensions
x2

x1

Ω

0

X2

X1
ω1

ω2

22



Outline

1. Introduction

2. The 1D case

2.1 Di�usion ratio d “ 1

2.2 Di�usion ratio d ‰ 1

2.3 Interlude - the block moment method

3. The 2D case

3.1 Di�usion ratio d “ 1

3.2 Di�usion ratio d ‰ 1

4. Conclusion

23



Conclusion / Perspectives

Summary

• Boundary controllability of coupled parabolic systems can be intricate:
• Geometric conditions on the support of the control.
• Positive minimal null-control time may appear.

• In the 1D case
• The moment method approach is powerful (yet limited to time invariant systems ...)
• Block moment approach let us handle spectral condensation phenomena
• Uniform estimates with respect to the family of eigenvalues (in a certain class)

• In the multi-D case
• Cartesian setting : reduce the problem to the study of a coupled set of in�nitely many “1D” systems.

The block moment approach helps
• General geometries : Almost no result as far as I know ...

Extension of the block moment approach to non scalar control problems (B. - Morancey, ’21)

Theorem (Two boundary controls)

The following system is null-controllable at any time T ą 0

Bty `

˜

´dB2
x 0

0 ´B
2
x

¸

y `

˜

0 0

1 0

¸

y “ 0, ypt, 0q “

˜

u1ptq

0

¸

, ypt, 1q “

˜

u2ptq

u2ptq

¸
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Thanks for your attention !
Questions ?

� A. BENABDALLAH, F.B., M. MORANCEY, A block moment method to handle spectral condensation
phenomenon in parabolic control problems, Annales Henri Lebesgue, Vol. 3, pp. 717-793 (2020)

https://doi.org/10.5802/ahl.45

� F.B., G. OLIVE, Boundary null-controllability of some multi-dimensional linear parabolic systems by the
moment method, preprint, (2021)

https://hal.archives-ouvertes.fr/hal-03175706

� F.B., M. MORANCEY, Analysis of non scalar control problems for parabolic systems by the block moment
method, preprint, (2021)

https://hal.archives-ouvertes.fr/hal-02397706
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